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INTRODUCTION  AMD  3U?!MARY 

-ThT  piiripo»»  nr^tlilii  paper -lo  to- pregent^ a  natural  geometrical 
approach  to  the  theory  of  reduced  moment  spaces  and  its  application  to 
orthogonal  polynomials , \Many  classical  results  can  be  Interpreted  in 
this  geometrical  setting,  ahd  many  new  results  obtained  as  well.  The 
method  provides  an  interesting  cbn$,rast  to  the  more  usual  techniques 

s 

X 

involving  continued  fractions  and  com^L^x  variables. 


Some  of  this  material  was  presenteoNj^  outline  in  an  earlier 
paper  (reference  j  ll  at  the  end  of  the  paper),  andM.wo  papers  (  [2]  ,  [l5j  ) 

X/ 

applying  it  to  the  theory  of  games  have  also  appeared.  The .pyeeeet  work 
is  concerned  primarily  with  distribution  functions  on  a  finite  interval. 
The  half-infinite  and  infinite  intervals  will  be  taken  up  in  future  papers, 


Chapter  I  is  devoted  to  a  preliminary  exposition  of  the  theory 
of  convex  sets  and  their  duals  in  conjugate,  finite-dimensional,  linear 
spaces.  Dimensional  Indices  are  introduced  to  describe  the  local  structure 
of  the  boundary  of  a  convex  set,  and  are  used  to  express  a  fundamental 
relationship  between  a  convex  set  and  its  dual  (Theorem  5.2)-,  The  moment 
spaces  themselves  are  convex  bodies  whose  points  are  n-tuples  of  moments 
of  distribution  functions;  while  the  dual  convex  bodies  are  the  coefficient 
spaces  of  n-th  degree  non-negative  polynomials.  In  Chapter  II  these  sets 
are  introduced  and  their  extreme  points  characterized.  The  structure  of 
their  boundaries  is  analyzed  in  detail,  and  a  new  result  on  the  representa¬ 
tion  of  non-negative  polynomials  as  sums  of  square  polynomials  is  obtained 
(Theorem  10.3).  Chapter  III  introduce.,  certain  convex  polyhedra  which 
approximate  the  moment  spaces  and  their  duals,  and  uses  them  to  establish 


some  of  the  classical  theorems.  In  Chapter  IV  an  algebraic  description 
by  means  of  ''Hankel*'  determinants  is  given  of  the  boundary  components 
previously  characterized  by  the  dimensional  indices.  Chapter  V  deals 
with  the  distribution  functions  associate!  with  a  given  point  in  the 
moment  space,  and  the  convex  set  in  function  space  which  they  form. 

The  interpretation  of  the  supporting  hyperplanes  to  the  moment  spaces 
as  non-negative  polynomials,  first  found  in  Chapter  II,  leads  to  a 
natural,  geometric  representawi Jn  of  orthogonal  systems  of  polynomials, 
with  arbitrary  weight  functions,  Cever.al  applications  of  this  approach 
are  given  in  Chapter  VI.  The  paper  conclu  les  with  a  chapter  on  the 
symmetries  of  the  moment  spaces. 

General  expositions  of  the  moment  problem  may  be  found  in 
bidder  ((^9j  p  Ch,  3)  and  Shohat  and  Tamarkin  (  [l-^j  ) ,  The  latter  contains 
an  excellent  bibliography'  of  the  subjec?  . 
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ClAPTSR  I 


COITS  SITS 


V«  Wfia  >7  forth  mm  of  th»  yrofortlM  of 

OOTiW  Mts.  A  poist  Mt  in  B-dlMWlMAl  iMlldMUi  •p«0«  1*  !• 

ocmcwn  If  it  OMEtalai  ths  Um  iigMit  mrmrj  two  «f  Its  i^ists. 

Ths  Wxm  hTManiUM  rsfsrs  to  oa  (n»l)  »i1  la—  i—sl  liasor  Torlotj  Im 
X* ;  oaoh  IgrpoiplsM  dsfrimiln  too  olcsod  ^  ^ 

Is  ssatilasfl  la  sat  of  ths  elsasd  hslf-sysoos  <  of  s  hjpsiP^Ai^s  L» ,  we  say  that 
L  (or  H^)  slthsr  haaafls  or  sasports  K  aossr&lnc  as  ths  loatr  hotnid 
of  ths  distsBOs  froa  E  to  L  is  posltlrs  or  tmro,  zaspsotlMlj.  Vs 

stats  seas  'bsslt  rslatloashlv  Vstssta  soarsK  sots  aad  hyfsrpT  sms 

(sss,  for  exaaple,  Wsyl  [3])* 

mcBSM  1.1  («)  A  tmrm  »t  U  nr—1— It  th« 

of  all  tti  i  snppostlnh'hklf«>si>aSMA 

(t)  ma  MShz  Bia  iS:  5  jsags  aes  Js  191 

nnor%iam  tow«Bl«n>  o£  ^  tO- 

(e)  Is  BiP-lBMirKBtlM.  »lo— J.  tg— tod  gaot  tSSS 

am  it  — — »wdi  ^  it,  AtoJ»i»t  >toMd  trjisznmai  a^a  ^ 

Itortalnl—  am£St  — *».  ^  Mrttoiitor.  m  ««Wylor  wto*  itt  i± 

tnssia  Ssa  sb  iiots  i9iai  jbs  iz  i  wpwitot  on  ^ 

ta> 


sot  Is  dsf  iasd  to  bo  that  of  ths 


••t  K  «bat  la  lmt«rlor  vlth  rMpMt  to  th»  fariotj  99mr 

talwiBf  K  V*  ahcJA  oall  «n  polst^j  vhllo  tte  toxaa  "latorlor” 

and  "tovadLuT”  vlll  ooMiistoiitl/  rafor  to  tlw  ftdl  n^dlmilnaal 
atruotw.  Tkus,  tho  notlaaa  of  and  "Intarlor*'  •oiaoldo  ealgr 

for  z»-dlaMMlonal  oowrax  aota.  Vo  ka^a: 

TBBOKBf  1.2  iQxz  (aggr«rti)  ssam  Ms  «i  lass  wMIr*  IM  isMI 

X  M  «B  Mbse  jfiMl  ^  siM  if  nm  gawrtrti  irymil— 

^  X  goatalaa  all  of  K. 

A  point  X  of  a  ooamx  aot  K  vhloh  la  not  ax\  laaur  point  of  eaaj 
oonrax  aalMat  of  K,  axoapt  tha  a#t  oeeaalatlac  of  x  aloao,  la  an 

«Vna»  ssftii  <>f 

A  —am  beto  la  >“  la  a  aasm  — ahlab  la  al— #4,  bvaadad, 
and  a  fl  1— al  ml . 

3  2.  Jaaiiacr  Indiaaa . 

For  X  Im  %h»  bovndarj  of  a  oloaod,  oenraat  aat  E  In  X*  va 
doflnr  L(x)  to  to  tha  intaxvaotlan  of  all  hTyavplsaai  that  anyport  C 
at  z.  For  fomal  ooaiplataoaaa  va  mmj  alao  dafinai 

i  L(x)  -  E®  If  X  la  inUrler  to  K, 

L(x)  -  0  If  X  la  not  In  K. 

Tha  atntaot  aat  C(x)  of  a  point  z  la  dafinad  to  ha  tha  istar- 


1 


Scnaotlnaa  tha  tazm  "ralatiaa  Intarlor"  In  aaad 


Mc%l«i  ot  L(z)  vltk  C.  V«  •«IX  a  folat  «f  E  sS^iMtXp  ^ 

••  It  la,  or  im  mmt,  am  immr  its  om, 


stma  C(z)  la  itaslf  slstst  sat  rnmnatL,  aa  ama  se— tr—t  tte 

% 

■  MrtMt  Mt  Of  y  vlth  nsynt  to  0(z),  1— tsofl  of  E.  IT  z  Is 

ovtlJMair  (oltk  nifoat  to  r)^  Ttoorca  1.2  tolUa  «■  that  tho  mm  o«a- 
toct  oot  la  Jtat  e(x)  opdm.  It,  am,  tka  otter  tead,  x  is  steoftlsasl 
vltk  VMioot  to  Ji,  tte  aov  ooataot  oot  la  a  Isosr  tla—lnaal  mAwat 
at  0(s)  •  rtontloa  at  tkio  paoooos  looda  vltlaatsljr  to  tte  radaisod 
osatsot  sot  C*(x),  ttlok  io  tte  lsri0o^«  toamc  adhsot  of  K  at  lAAak 
X  ifl  te  tteoar  fo^«  C  *  (a)  •  x  if  sad.  aaHj  If  z  la  aa  artrai  yoiat 
of  E. 

Yo  jwr  dafite  tlaao  lailoo«2 

IMM  JJMHIS  ^  ^  L(x)  ^ 

JMfcMJi  iteillfii  ^  ^  p 

raaanA  ooataat  dlawoloa  of  xi  o'(z)  -diaC'(z), 

all^  of  ooawo,  vlth  roapoot  to  thglvtn  oXoaodv-ooiuraz  sat 
K.  Ail  ttroa  axa  OYoal  to  a'  if  z  la  Intorior  to  K,  aad  ottel 
to  -I  (tte  dlaoaaloa  of  tte  atll  aot)  if  z  la  oataida  of  E.  Tteaa 
lallaoa  aro  iavorlaat  tedar  afflao  tel  (pzofor)  projootlTo  traaafoxaatloao 
of  Z,  teL  ars  lairiaala  ia  tte  oatei  ttet  ao  do  aot  altar  ttea  >7  la- 
aroaataf  tte  diaMoloa  of  tte  aanjimg  opoaa  1^.  for  •  fialto^  aamaox 
polytofo  a(z)  «  o(z)  oraryYteroi  la  iMMral  tte  dlfroroaao  a(z)  -  a(z) 

^Coapars  Bonassen  and  ponchol  C^],  pp.  14-16.  Their  "p-Kantenpdnkte* 
are  the  points  x  with  a(x)  ■  n  -  p  -  1. 


Frmt.  Tain  aatj  tnyumn  of  ±mmr  yalM  of  C(z) 
z. 

A  foarth  lain  d(s)  o«a  Vo  Aoflaad  Vj  ofianiAtutt  Mro 
tiM  oitoatioa  of  z  Im  rolatloa  Ve  aoitliVoiiac  VMUiorx  poiali  ot 
K»  CoMldor  all  Urn  nifortli^  Vjrporpi—  Wat  touok  i:  idtkla  aa 
e -aol||<V«tead  of  x,  aad  diapla—  Waa  panllal  %a  WiMWlaw  •• 
tiKt  thi7  all  foM  ttoouih  X*  Call  tlia  lataw>ag%lii-af  tto 
aat  of  IqrfvvfdMM  l>(x,  &  ) .  Vtaa  lat 


d(jO  -  Ita  dim  l>(z,  e  ) . 


IVIB  lain  fM  lavaslaatt  oad  iatrlaaia^  Ulsa  tha  dtar*,  aol  la  atwl  to 
m  la  Wo  lactaoriaQr  of  K,  aoro  at  tho  oartmo  polato. 


mrXEOM  2.2  z  ^  •"HWttdMl  lUUi  ISng  Ml 


*  >  •(»)  ^  >  •*(»)  *(*)  ^  0 


- ,  1 

itVi^KP  y  ^  .-i*.  I 


’■vr.’tr"--.^  ^  .1 


l!#^  •> ,  '  ^ 

.  a\. 


Proof*  ■mo  only  ono  that  U  not  iModlaioly!  wwrtiiii  1#  •IlM^^.r^ 
liMfiality  c»(x)  ^  d(x).  m  n  -  o*(x)  and  loi  4dna4^# 
llnoar  rarioty  throii<h  x  perpendlonlar  to  C*(x)«  mo 


In  tho  eonrooc  oot 


•  ■ .  'yi 

'■  ^  'i' 


--ffeC?’ 

•  A  ^  td 

,v/<'  ■  .’J 


K*  ^ir\ji  I 


aad  tbo  aot  D (x^C.)  ^rolatlTo  to  E°^  la  Jnat  tha  faint  x 


’  /  .  •  I.  y  ' 
J  .  .'j 


!0^- 


Sinoa  orory  aupportin^  hyporplano  to  K*  In  1  can  ba  ooctoBdaf  V!^' 


v  *  -  _  ^ 


at  loast  one  a«pporting  hyporplano  to  X  in  S  ,  no  lumi 


V  ■*'  . 

V 

If 


y  :*  V 

'  •'  f. 


K-if  '■  : 


D(x,t)'^B“C  D  («)(*#  4)  S^3C• 


Wo  eonilodo  that  tho  dimenaloo  of  D(x,  (< )  doaa  norl  oxaood 


►  r  -M 


^  I 

111  *  -f 


*. 


\  • 
•  >. 


%  •k : 


L-t' 


C»(x). 


It  can  ho  aboan  by  axaaploo  that  the  InaqiAlitioa  of  ttM  Hat 


r/  '  •  ^ 


thaoron  eamot  ba  ijaprorad  on< 


■mo  aceonpaaylns  akotohoa  lllvatgatlng  two  of  tho 


co«fiH«atad' 


k' 


poaalbilitloa  for  tho  Inllioa  at  a  point* 


V 

V 


■}  • 
'-  ■>)( 


v.:? 

4,  .  ^  V  ■»  * 

y»  i  ^ 

.  ''  t . .  •  r  V 

•■r 


^  1.**.*^>  •***t#»\?*  *1-1 


m 


j. 


In  our  vork  ¥•  tfhall  find  a(x)  and  o(x)  to  bo  tko 


of  the  Indioeo.  They  play  *  praolneixt  role  la  tlM  theory  of  eeajisflelo  ^ 

•  •'!  V 

polnte  ( e  1^) «  idileh  will  pitrre  to  be  a  voafal  tool  ehea  oo  MBi  te  oi^  *  . 

J  ^  •  T 

elder  the  lenment  apaeee  thaeieloee  In  Chaptor  II.  't' 


> 


'1  ■> 


'r 


§  5.  cmym  geweeiotobipa . 

Ve  ehall  ooy  that  a  pelat  x  in  le  eneind  by  o  eat  of  peiecto 
If  thexpo  are  aon-aecatlTe  quaatitloo  ^ 

vlth 

(5.1)  *- n^j-i. 

'  '  ,  i 

The  follewlJIC  theoroa  le  a  eonaequeace  of  Theoram  1.1  c  and  the  deflnltipo 

of  axtreae  point,  .  «<  r’ 


(••.a) 


yx  >0,  r4>9. 


im  TJdoli  7  Mtj  r<y0Brd»d  •«  «  point  In  tfiM  oonjufato  opao#  (»  ")♦ 
of  ^lojiwumi  Iftrr  foMtloM  on  Tte  telf-ofaoo  lot— In— 

j  19  to  a  pooftiTO  — Ltiylo. 

T— owLrtl.Y  fottlnc  Mldo  tho  oo—ollslac  oonAltion  (%.l)  vo 
—idor  z  ao  a  point  in  a  cono  in  is  a  oot  that 

iinotolno  Xx  al— wTir  it  sontalni  n,  tor  all  A  ^  o.  /U 

sopportlac  half*opaooo  to  a  son?—  oono  ^  vlU  hazo  tho  point  0 
in  thelsr  W— Aorioo,  and  honoo  oaa  to  zopgountod  in  tho  font  • 

Tho  oot  of  all  7  in  )  •  rop— tlog  onpporting  half  tymt 

to  ^  in  aloo  a  o—  oono  If  —  inalndo  tho  point  7  «  Oj  no  ooll 
thio  tho  ISUMlljtt  — —  ^  ^  doaoto  it  tgr  P  *•  Thus 

7  €  r*  y**  >  0  all  X  €  r 

isxaRXM  V.i  jx,  it  a  tl— d  —  oono  in  x^  (Ji&  iX  JS 

iaMUniksjBMM  JO  is  iM  siiatA 

-  r  . 

Proof  that  r  C  P«*.  Tab*  z  in  P.  JSrorj  7  iJi  p* 
ootlafloo  7*z  ^  0.  Thoroforo  z,  nan&rdod  ao  a  point  in 
ropsootnto  a  ouppeytinx  half-*«paeo  to  p*,  or  lo  tho  point  0.  Hi  oithor 
eon#  z  tolonni  to  n  oo. 

Proof  tint  P  ••  'j*  P  •  Tahi  z  in  P  .  B7  Thoor— 

I.lo,  nnao  oipportlnf  half-opooo  of  P  iooo  o/atoin  z.  m  othnr 
norAOf  7*z  <  0  for  onao  7  In  P*.  It  foUoao  that  tho  half*opooo 
in  thloh  z  —poo— to  Aooo  not  oupfw»t  p«.  Thao  z  do— 

not  tolont  to  p«*. 

Vo  oall  a  eloood  oonT—  00—  H  proDor  If  It  dooo  — t  contain  onj  oonplota 


itmi  tint  la.  If  X 


mt  both  la  r 


la  sot  dlfriovlt  to  aoo  that  a  alfod 

p*  ma  m  '■ 


I  s  •  0^ 

'  I  .' 

If  and  d«l/[ 

• .  ^ 


pfartlit^hiilf  Bjmn  iMm  tin^aTy  Moto  P  «ilf  !*%  tho  i 

■  '  •■  ^.'\  "i'' 

Jt  j  tm  tfv*  lihor  point  of  an  doflao  tho;  awM^Maatilin 


*  e  /.(f;  y) 


yoi  «  1. 


\  In  botaadod  if  oad  only  if  P  In 
not  c  In  iro  dof Inn  itn  on 


ftupor.  ntnnuranX^ 

•  rm  ui 


Cltndigr 


ytP(Ip  Ax6rK  fhr 


r(X(Aj  ^ 


tkat  7  la  lataalar 


:t(  r(Di  y) 


in  a  pewjooti'vo 


an  X  only  in 


in  in 


Xf  X  in  a  nlnnnd  nonmi  tot  in  x".  no  nhall  mfnr  to  thi  not 


■J 

•  1 

•  Ir 


-u- 


r»  -  ^([r(K)]«(  «)  (I  lB»*r  to  K) 

ma  ft  iaaX  Mt  to  C.  C*  la  &  ^odj  If  ami.  aolj  if  K  Is;  and, 

tlM  last  Vmmpwm,  Z  Im  teal  te  C*  ftft  teU. 

Hlft  amt  taa  tkaaraa  foUw  dliwtljr  tram  9mr  dafialtloM. 

nKBOM  k.8  sa  Kttl  X  a  <xt«rtw  «s  at  mbb  ai  ai 
mit  U  r-*>o  £K  bU  w*uitt  T  M  **■  XSas  is  s  asm 

— gwaitew  ^teai  tte  Ipilijrr  aolnte  af  c  aad  tHa  awnartlaa 

Mttsmt  is  ml  stsBstssii- 

naamk.j  j£  k  ^  z  as siisss aass ssSs  £a 

it  K>  al  !<•  «r»  ■— llMS  to  t>«  —  — iMt  s  aar  *£  !■> 

JkB  l»;.C"L* 


Ik  tkft  fl#ara  •  fair  af  teal  amrm  aata  la  1**  sad  x**  ara 
art  vltli  taat  «f  %lia  aayfortiac  kalf-afaaaa. 


Fig.  4.1 


K«  -  X(rr(JO]»j  I) 
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V 

(5»1)  xfzjnK  <=>  X  e-K  antJ  yx  *»  0. 

Of  •MVMf  JnK  !•  ooateijMd  la  botOMlarx  of  K,  aad  !■  oonTtx, 

If  jnK  -  C(x)  (•••  \  2)  tar  bovaiarjr  poiats  j  aad  x  of  C* 
aad  K,  raapaotlTalj,  ttum.  va  aagr  tlait  7  ^  oaalaamta  to  x.  Thla 
dafSaltioB  la  aotaally  ajwtrle,  aa  tl»  uaxt  thaom  raraala.  Sxaa^laa 
of  aonjnyta  palra  ara  raadllj  fomd  In  Plgnra  V.l. 

TSBQBKM  5-1  (a)  If  7  j^l  ecaLhmata  to  x,  than  x  la  ea||£MKlf 

is  7. 

(1>)  grtry  bgwdAry  point  o£  K  ^onJunaW  to  Xaauat 
jat  Vwindary  poliat 

Praof  (a)  .  Va  ara  si  Tan  that 

(5-2)  C(x)  -  jhK 

and  alah  to  ohov  that 

C(y)  -  xnK*, 

Va  aaa  at  oaaoa  that 

C(7)  ^  XrJC**. 

alaea  0(7)  la  dafiaad  aa  tba  lataraaotlon  of  E*  vlth  aJLl  of  tha 
anpportlas  hjparplaaaa  at  7.  To  ooaplata  tha  proof,  va  obaarra  that 
any  point  >.7'  la  K*  -  0(7)  haa  proparty  x'  >7*  ^  0  for  a«BM  x' 

In  K**  mth  x'.y  =  0.  By  (5.I)  x*  la  In  y^Kj  by  (5.2)  x*  la 
In  C(x)  .  Tkla  naaaa  that  any  hyparplana  avpportlnc  K  at  x  naat 


t 


also  support  K  *t  x  • ,  or 


/".x  "  0  onlj  If  j"*!'  =  0,  (all  7"  t  K*)  . 

In  particular,  v»  obtain  y**x  /  0,  froim  vhloh  It  follovs  that  7’ 
oaimot  "be  in  xnK*.  This  oomplatM*  th«  proof. 

Proof  (b)  .  Th«  sot  Xr.K*  Is  non-empty  and  oonroot  for  er^rj  x 
In  the  boundary  of  K  (Thaoren  U.2)  .  If  y  Is  any  timer  point  of 
this  set  (Theorem  1.?),  than  It  is  easily  seen  that  Cfy)  *  xni;*.  Ilenoo 
X  Is  oonju^te  to  7. 

iSEORiX  5.2  ^  X  and  7  are  conjtmate  boundary  points  of  dual 
( n-dlnenslonal)  oonyex:  bodlss.  than 


e(x)  +  a(y)  -  n  -  1, 
a(x)  ♦  0(7'  -  n  -  1. 


Proof.  When  latarprotad  In  ths  oonju^ta  space  (E^*  containing 
the  d\»al  body  IZ*,  the  set  y^K  Is  seen  to  consist  of  all  ttie  hyperplaae 
eupporting  K*  at  7.  The  dimensionality  of  this  set  Is  c(x),  by 
(5.2)  .  We  may  therefoz^  count  sxactly  c(x)  ♦  1  llnsarly  Independent 
hyperplanes  In  (1?*^*:  thsy  Intersect  In  a  set  of  dlmsnsloB 
n  -  o(x)  -  1.  But  this  set  is  precisely  the  set  Lfy)  (see  ^P),  and 
Its  dimensjon  Is  therefore  a(y')  .  'Ihle  proree  the  first  aissertlon  of 
the  theorem.  The  second  follovs  limedlately  by  symitry  (Theorem  ^.la)  . 
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Conjui^tlon  do««  not,  of  oovirne,  giro  a  on^ -on*  polntvlse  corre- 
•poadonoe  'b*tveon  the  boimdoxloo  of  ir  Tv*,  noverer,  a  ona-ono 

oorrevpondaoo*  batvaen  notn  of  botiMir_ry  polnta  can  be  set  up  Tory 
natumHj-.  Let  (x)*  denote  the  set  of  point*  In  K*  vhloh  are  con¬ 
jugate  to  x;  aad,  if  3  la  any  set  of  points  In  the  boundary  of  K, 
let  3*  denote  the  set  of  all  i>oints  In  K*  oonjii^te  to  scae  point 
In  3 : 

3*  -  U  (x)*. 

XtrG 

By  Theorm  5»lb,  S*  la  not  enpty.  We  hare 

C5.M  -  3*. 

This  la  a  type  of  Idenpotenoe  relation  freqtMntly  enoouatered  In  dealing  with 
linear  epacee  and  their  conJugato»~lt  say*  that  after  two  applloatlone 
conjugation  gl res  nothing  new.  To  prore  (5>^)  v*  nnst  show  that 


^  y 

Is  conjugate  to  x, 

(5.5) 

If 

X' 

is  conjugate  to  y. 

7’ 

Is  conjugate  to  x’ 

then 

7’ 

Is  conjugate  to  x. 

But  the  definition  (vlth  Theorcax  5«la)  g^Tss  os 

Cfx)  =  JnZ  -  C(x’)  -  y'AK, 


from  which  (5*5)  sod  (5*^)  follow  at  onoe. 
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'rHKCRKM  ‘^.5  Th»  B9Xu  (y)*,  a*  y  moii—  ott  tlto  ’boundary  of  K*, 
oonrtltuto  a  partlxlon  of  U>»  'boiqxiajy  of  K  Into  d4.» Joint,  conyx 
oonpomwBta .  Tbaoa  oonpoannta  oorr— pond  ‘bltgiltnoly  with  thn  ocnponanta 
(x)  ♦  of  eumloapualj  dof Inod  Anal  partition  of  tba  boundary  of  K*, 
in  Buch  a  wajr  tiyit  »yry  point  of  any  own  eowpoannnt  In  oonJmatn  to  nyry 
point  of  Ita  dual. 

Proof.  By  (5.^)  or  (^.5)  • 

Within  each  coapotwat  of  the  partition,  a(x)  and  o(x)  are  oon- 
stant.  In  thn  oane  of  polyhedral  'bodies,  the  oanjHmantn  are  Jiist  the 
usual  onlln.  Ih  ^nanral,  they  are  the  (ralatly)  interiors  of  the  aaxinal 
oonrsz  sots  lyln^  in  the  botmdary. 

The  partition  of  Theom  5.3  is  the  finest  partition  vhioh  admits  a 
dual.  For  it  is  easy  to  that  S  *  S**  If  and  only  if  C  Is  th® 

\znion  of  olssbantary  sets  (y)*.  Later  (in  ^  11)  ua  shall  consider  as 
"faces”  of  a  oonvnx  body  ths  naxinal  oonoaoted  sets  oyr  vhioh  a(x) 
is  oonstant.  The  dual  faoes  on  the  dtial  body  are  the  aax!!jBaI  oonneoted 
eets  haring  o(y)  oonstant,  as  a  short  argiaent  based  on  Theorai  ^.2 


rereeOw 


-1 


'I'Ei:  !J(niPJfr  "  .c',  \ie)  tth  dim, 


g  '  .  Distribution  funct  ona  on 

Thr3  primary  aub.loct  ntT-ttcT  of  this  papor  vlll  be  tho  nortnallzod 
distribution  functions  on  tho  closed  unit  Interval  0,1  emxi  thoir 

J 

momonts .  Tho  choice  of  Interval  is  e  natter  of  convonlonco  --  In  Taany 
respects  the  Inteiaral  "lA,  vould  serve  as  veil  or  better.  Ml  of 
our  results  can  be  adapted  vlth  little  difficulty  to  an  arbitrary 
finite  Interv'il,  but  maiv;.'  f enturoe  of  the  half- 1 ’.if Inl te  anti  Infinite 
cases  arc  conspicuously  different.  Ue  propose  t  i  deal  vlth  those  ctises 
in  future  papers . 

3inoe  Vo  are  not  Interested  in  distributions  over  genor’al  spaces, 
ve  can  omit  the  customary  set-f’jnctlonal  approfioh.  We  define  n  distri¬ 
bution  function  directly  eis  a  real-valued  f'^motlon  which  Is  mono  tonic, 

f 

continuous  t  )  the  right,  and  flat  outside  cf  |0,1'  : 


f  1) 
(li) 

(111) 


^^(to)  >  ^(t,)  .  If  tr.  ^  t;  ■ 

/(t)  ^  4(t  0),  for  all  t- 


^(t)  ^(1) 

,y(t)  -  0 


If  t  >  1, 
If  t  <  0. 


Tho  effect  )f  (11)  and  tho  last  clause  of  (111)  Is  to  remove  redundant 
repiro80nt-:'.ti VOS  )f  "substantially  equal"  distribution  --  distributions 
that  operate  identically  on  all  continuous  functions.  (iTio  condition 
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Hi’)  /(t'  -  ^  4  j/(t-0)| 

IB  aomotimoB  found  in  pl/ice  of  (li).) 

The  Bpectrum  of  done tod  (4),  the  Bot  of  polnta  t  In 
,0,lj  vlth 

4{t  +  '  )  -  -  )  >  0 


for  every  poaltlvo  ,  .  If  *  •' 4)  ”  finite  sot  then  vo  aay  that  4 

Is  nn  arithmetic  d  I  atrlhuti  on  f’lnctlon,  or  a  finite  a  tep- function  . 

To  normalize,  ve  put 

(\v\  4{\) 


*^e  let  . denote  the  claaa  of  nonaallrod  dlBtrlbution  f'unctlons  and 

i  \ 

the  cln*«  of  normalized  arltinetlc  distribution  functlovB. 

.  The  atop- function* 


o 


^{t)  -  :(t  -  t^) 


for  t  -  t,  <  0 


for  t  - 


with  0  <  t^  <  1,  wo  c'lll  the  pure  dietri^uf.  >n  functions:  they  are  the 


extreme  points  of 


f  ,  Every  arlthmetlo  4  ireprsseotsd  uniquely: 

t  . 


j  Ki) 

_  -  .-(t-t 


•\  >  0, 


Vi  "  ^j-1 


aa  a  linear  conbin'itlon  »f  pure  distribution  runctlone,  and,  obviously, 

4  lain  V,  If  and  only  1  f 

/  \ 


b(/) 


1. 


(The  use  of  b(^)  to  denote  the  number  of  steps  Is  consonant  with  the 
definition  of  "^5*)  In  ths  •wssk  **•  topology  ths  pxirs  distribution  ftmotlons 

span  out  hr  8LS  veil  as  ,  .  We  shall  return  to  this  question  In  A  ?1 . 

/I  3 

It  is  conveuient  to  Introduce  an  index  b'f^)  of 


b’(/) 


If  no  step  at  either  t  =  0,  1, 

If  step  at  Just  one  of  t  =  0,  1  , 
If  stops  at  both  t  =  0,  1, 


which  Wald  calls  ths  dsgrss ^  ot  Tbos,  steps  at  ths  snd>»polnt8  of  [0,1] 

contribute  the  amount  ^  to  the  degree’,  Interior  steps  the  amount  1. 

th  / 

Finally,  we  define  the  n _  monent  of  ^  : 


(6.2)  ^  t”d^(t),  n  =  0,  1,  2,  ...  . 

o 

The  limits  of  integration  would  bo  more  pioperly  written 

1  oo 

f  or  even  f 

-0  -  CD 

slBOS  VS  intend,  for  4  ^  h-  ,  to  hare  alvays  /Vq(/)  =  !•  HovsTwr,  vs  shall 
use  ths  Less  ooaqplleatsd  notation  of  (6.2)  ,  vlth  ths  understanding  that  ths 
variation  of  /  at  W),  If  emy.  Is  to  be  Inoludsd  In  ths  integration. 

,  See  Wald  [  8  ]  . 


-so¬ 


il 


qT»  The  mOBaent  epaoo  D  . 

XI 

The  n'^  nonent  Bi>aoe  B  we  define  to  be  the  sot  of  pojnte 


I  .  (i^, 

In  whose  coord intitas  are  the  maniont.v  ^{4)  t  •  •  •  #  ‘  ^ ^  of  at 

least  one  4  ^ 

UTEX^I^T  .1  (a)  There  Is  a  f mao t Ion  In  ^  haring  the  noaents 


(7»l)  •••> 

iX  onlj  If  the  point 

X(^)  =  (x^,  ...,  x,p 


V 

Is  in  D  ,  for  all  k . 

(b)  No  two  functions  In  y-r  hare  the  saaxe  moment  sogusnoe  (7*1)  . 

Proofs  of  those  steundard  results  may  be  found  (for  example)  in 
bidder  ,  9  1  ,  pp.  PQ,  31  ^  .  We  remark  that  for  distributions  on  the 

half- Infinite  or  Infinite  Intorral  (b)  Is  no  longer  true. 

TEEOPJU-l  ■  .2  J:®  ^  conrex  body. 

Proof.  We  must  rerlfy  that  D*'  Is  conrex,  closed,  bounded,  and 


n-dlmonslonal . 


(a)  Canroi:  If  oonroi  In  the  ’hrlous  ■on*® ;  hffnco  D  also  Is 

oonrez  hy  the  linearity  of  . 

(h)  Closed;  Goo  again  '/Iddor  j  9  ,  ,  pp.  ?■■»,  ^1. 

(o)  Bounded;  We  hare,  for  orery  x  In 


0  <  <  1, 


1  ^  1^  m  »  »  f  n* 


(d)  n-dlsenslonal:  The  n>fl  pure  distributions 


I(t), 


J  *  ••*# 


for  distinct,  non-zoro  t.  In  0,1  ,  giro  rise  to  the  n-fl  points 


=  fO,,  0  ,  0  ) 


X'  '  «= 


(^2'  ^1'  •  •  •  ^ 


O  (t  ,  t^,  .  .  .  ,  t”)  , 
n  n  '  n  ' 


do  not  ell  lie  In  any  one  hyperplane,  slnoe  the  dotormlnant 


of  the  oooz^lnates  of 


,(1)  ^(n) 

M  p  *  •  •  p  A. 


does  not  ranish.  Thus  D  contains 


an  n-dlxtenslonal  slsiplox. 

The  point  In  D*'  generated  by  the  pure  distribution  I(t-t^)  vo 
shall  desl^iate  by 


x(t^)  -  (t^,  ) 


Wo  Bhall  doilgnnte  ty  C*'  the  ourvo  tmcod  out  "by  x(t^)  a*  run* 

botv/oon  0  and  1 . 

THE(  P.l^,  7.5  The  met  of  oxtronie  polnta  of  for  n  >  2,  Jj|  proolaelj 


Proof .  We  aiutll  proro  (a)  that  C*'  epan*  d“,  and  (b)  that  no 

T% 

point  of  C  la  apazmod  by  other  points  of  C  .  The  thooron  then  foXlova 
vlth  the  aid  of  Thanri 

(a^  Let  denote  the  subset  of  D*^  generated  by  the  arithmetic 

distribution  functions  k  JJ,.  It  is  clear  from  (6.1)  that 

A  A  A 

is  exactly  the  set  of  points  spanned  by  Moreover,  D?  is  a  closed 

A 

set,  since  is  closed  and  bounded.  We  shall  show  that  -  d”.  In 

fact,  for  any  ^  in  <0  there  is  a  sequence  of  step-functions 
^  t  such  that 

> 

-l/  — >  o  o 


for  oTcry  contlnuoua  ftmctlon  f  j  thle  is  nothing  more  than  the  definition 
of  the  >tleltjea  integral.  Taking  f(t)  »  t,  t'%  t*',  ve  aee  that 

D*'  nmat  bo  the  closure  of  Its  subset  But  d“  la  already  closed; 

hence  D^,  and  C*'  apons  D°. 

\\ 

(b)  Consider  a  fixed  x(t,)  in  C^,  dnd  let  H.  be  the  ^Qfperpiane 

1  tl 


defined  by  the  equation 


h(x) 


2ixt 


1 


♦  Xe 


0. 


(7.3) 
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(For  this  ire  miat  hare  n  >  2.)  For  a  general  point  i(t)  of  O*'  we 

hare 

(7.A)  h(x(t))  -  (t^  - 


nnts  our  fixed  iwlst  z(t,)  le  In  E.  ,  while  the  rest  of 
the  poeltlwe  open  balf>epaoe  determined  'bj  H.  .  ObTloualj 

n 

not  epanied  by  other  iK>lnte  of  C  . 


C*  llee  la 

x(t^)  le 


We  are  new  lx  a  poeltler  to  eonetmot  the  dual  to  the  eenwex  bod/ 

It  le  natural  to  Istroduee  homoseneette  ooordlnatee  (eee  g  4)  bj  xeane 
of  the  0^  mcBMait,  •<load  to  1  b7  (Ir)  ef 

^  6,  we  append  the  coordinate  x^  ■  1  to  each  point  of  We  thne 

hare 

7“  (1#  •••#  O) 


lA  the  noxmalltlng  relation  (4.1)  .  The  oone  r'(D^)  then  oan  be  Inter¬ 
preted  ae  the  mcment  epaoe  of  the  die trlbut lone  defined  by  (1),  (ll)y  end 
(111)  of  §6. 

The  polnte  7  of  the  conjugate  oone  [r(D“)J  ♦  are  thoee  eatlefTlng 


7-1  >  0 


(all  X  . 


■Jl  By  Tlworan  7.5 

'jf 


W9  may  raplaoe  D  By  C~  la  ihe  aWm 


glrln^  insteeui: 


y*x(t)  >  0 


or,  by  (7.?) , 


(0.1) 


P(t) 


>  0 


abeva 

'  '’v' 

•» 

*  • 

(all 

t  fe  ) 

,  r 

(all 

[o,lJ  ) 

Xt  ■/  > 


^  7--y- 


‘  -X!  -  ■ 

rM- 


■iy-  I  % 


Thla  ra’vacJji  that  [  f"(l7*)J  ♦  la  the  ooefflolont  apace  of  the  po 
of  degre:)  at  Boat  n,  ^  -whloh  are  non-naipatlTe  orer  tho  lAttrval  M 
It  reamlna  to  aeleot  a  partlaular  oroas'^seotloB  of  thlH 
aa  a  repieaentatlre  of  tka  claaa  of  projectleely  e^tdralaat  ftaal  oaikVWt 


V'  ' 


j 


hodlea  (1)°)*.  We  b^SSMc^  the 


netOf) 


p"  .  /(  L  -(!>“)•  *;  ?) 


( aee  ^  ,  vbere 


X  -  (1/  5^)  • 


coordlr.Htes  of  x  arc  the  r.omcr.to  of  t^-.e  ''rectaj.g-o^  ar"  diatribution 
^(t)  s  t;  we  siiail  oreGontiy  3ee  that,  3i:.cc  ^  Is  ;,ot  a  step-function, 
T  is  interior  to  D'"^  for  every  n.  A-  a  result  of  tnis  particular  normal 
isutiori,  tiie  polynomials  in  f  •’  ‘all  satisfy. 


(8.2) 


^(t)di  •  i. 


:v?; 


Thia  oondltlon  may  be  cocaparad  vlth  the  ooodltlOB 


/  d/(t)  .  1 

a 


nkloh  Boxfializea  tha  auBMQt  earn  p  (B^)  ;  4  A 


4  /  .i 


-•  r'. 


v 


«  a 

«  .  ?  ■»  \ 


: _  i 

a  Heraaftar.  ira  ahMl  ikgriglMJl^^  *!«f  n 


•  r 

lifai  .‘X 


iii 


p  ^ 
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aboT»  wuld  hftT»  girmk  \im  P(t)d^(t)  la  plao*  of  tiM  iata^TBad  of  (8.2)  .  } 
Suaaa2*islBcc :  .  ^ ' 

THKRIM  8.1  Th»  wnaf  t  fpaoa  D®  emd  the  epaoe  P®  of  deiprae  poly- 

oT»r  [0,ll  Doneitllxad  ^  (8,2) ,  dwl  oon- 

rax  bodl— . 

To  aid  la  Tlauallxlag  this  relatlonahlp  va  heza  ahov  P®  aad  D® 
for  n  ■  2  aad  a  ■  3*  As  for  higikar  dlaeaelom,  It  le  oTldant  Tram  the 
daflaltlaoi  that  7®  is  the  oroos-aoetloo  7^^  -  0  of  P®^\  akllo 
la  tha  par^aiidioiilar  prajaetlaii  of  oa  tha  ooordlaato  plataa 
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Fig.  8. 3  —  The  moment  space  D 


Fig.  8.4  —  The  polynomial  space  P 


\  \o 


theorem  9.1 


of 


haring  q»»  or  W0V9  rool^  in  0,1 


Proof*  (a)  If  P(t)  1»  •trtotly  poaitlro  oror  [o,l]  ,  It  vlU  ^ 

niilii  so  undor  mhJJL  portarhatiom  of  its  oooffiolrato  7^. 

Joot  thooo  portvxtetloDO  that  proaerre  the  noxsallcation  (3.2)  ^  ve  MO  t|il 

«  . 
the  polst  /  mt  he  interior  to  P^. 

(b)  Cowrereelj,  If  P(t)  hae  a  root  t*^  in  [o,l]  0  . 

'■\£i 

then  > 

yT(t^)  -  0.  '  ' 

••  ^'3r*T 

jS^0M  j  lies  la  a  aupportln|(  hjperplane  to  p“,  by  Theorm  8.1,  1*1.  *6 

heaee  le  la  the  boundary  of  P^.  . 

To  iMlp  ns  dlsonsa  the  boundary  of  P"  ve  define  r(y}  ta  b#'tlk4 
BMiber  of  dlstlnot  rootm  in  of  the  polyaaslal  YL 

ajabol  r*(y)  vlll  ^lao  denote  the  nuaber  of  dlstlnot  rests  la  [O#]]  ' 


but  vltk  the  roots  at  t  -  0  and  t  1,  If  they  oosnr, 
half.^  Tims  r*(y)  is  not  necessarily  an  inte^ex*#  Ahd 


r<y)  -  1  <  r*(y)  <  r(y) . 


Slnse  a 


neoatlre  polynonlal  must  hare  all  roots  douhlS  in 


of  the  interval,  it  foUosa  that 

ar'(y)  5  a 

5  'CoBqpare  our  definitions,  in  5 6,  of  b(ff) 


'i 

\y* 

' 

.  h 

■.i 


,4ii.sa 


Ji 

r' 


•'  S. 


;  .■.  '.'-A 

.  •  *  •  .  ^  I 


r<'' 


.4 


fl-i  '■ 


'JZ.  V’i; 


r 

e  ‘  ,  w*  •  • ' 

.;t  ;  , 

Jm  ••  **.^*»# 

i-'j  .->>  I  •. 


y 


.-<s 

J 


.  ■:  1 


for  all  j  In  F^.  Va  sball  aae  that  tha  afvalltj  taoldn  onlj  If  7  14 

am  ii,ctruMa  x>olnt  of  F*. 

Lat  danota  tha  aloatore  of  tha  ambmat  of  F^  far  vbioll 

^'(7)  "  §*  Saoh  polywHal  la  falla  into  one  of  tvo  aata^  or 

dapandiac  ahathar  tha  ■ultiplloitx  of  the  root  at  t  ■  I  la  arm 
or  odd,  raapaotlaalj.  jji  ^  poljacalala  bara  tha  fomt 

(t  -  %,)*  (a  aw),  ! 

>1 


(Jtlljfs 

-  7  t  iT  (t  -  tj 

“  >1  ^ 


(m  o4ft); 


-n-w 


md  la  ™  thaj  haTB  tha  fasmi 


5(t) 


f»-g^/8 

-  -y.td-*)  IT  (♦  -  t,)‘ 

■  >1  ^ 


(m  ifm). 


(a-l)/a 

ni  (t  - 

j-i 


vltt  all  t  In  [0,1]  . 


(a  add)  j 


Slmaa  aa  hara  tohan  tha  oloanra,  tha  t.  are  not  naeaaairlly  dlatlaiit 


It  la 


to  aaa  that  tha  tvo  aata  £  amd  ^ 


aaparatad,  far  fflia  ^ 


laadlmg  eoafflolamt  r  la  alaaja  poaltlva  In  tha 

B 


flrat  aaaa,  m0atlm 


tha  aaoaad.  Om  the  other  hand,  thaj  are  both  a( 
in  faot  helMg  the  hniwnrphlc  laai#e  of  a:  almflas 
iBoqmH^M 


itad  aata,  aaah  af 

( 

daf  laad  la  1^  Igr  thb 

)  * 

■  . 


«■ 
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0  <  <  . . .  <  <  1 

(vhore  m  If  roa^hXj  half  of  n)  . 

THBORIW  9.2  Thf  ft  of  fxtr—f  polnta  of  P®  xof  If  It  Q*^. 

Promt ,  (a)  If  j  If  In  ’  ^  thou  y  If  not  ortroao.  For  the 

yolyiiafd.al 

P(t)  =  H 

haJf  olthor  (1)  a  root  a  <  0;  (11)  a  root  h  >  1;  or  (111)  a  pair  of 

ooaplaz  rootf  o  hk  Id.  But  in  erory  eafo  v«  oan  sxhlhlt  a  ofirrfat 
reproaontatloa  of  y  In  toxvf  of  other  polnta  of  P^.  Thuf  t 

(1)  P(t)  .  (t-a)  B{t)  .|(t-aa)R(t)  +1  tE(t), 

(11)  P(t)  -  (b-t)  S(t)  =  i{2b-l-t)S(t)  ♦|(l-t)3(t), 

(111)  P(t)  -  [(t-o)2  ♦d2]T(t)  -  (t-Q)^T(t)  ■♦•d*T(t); 

vh»re  S,  and  T  axe  all  non-ne^tlTO  OTor  |0,1  ,  thou^  not  In 

Sonaral  nonallted  to  lie  In  P°.  Eovorer^  ^11  thref  of  the  rl^it-haad 
ozprofflonf  are  of  the  form 


iiPi(t)  +  SaPj(t), 


vher«  Pi  cmd  P2  aro  no^^aallstd,  euQd  '  ^  and  ^  ^  poflitlr*  vlth 

1  ^2  ■  1* 

(b)  ComrarMlj’,  erary  7  In  mamt  be  •xtrea*.  /or 

•nppoflo  that  there  le  a  oonrex  repreeentatlon 


«(<;)  -  ZI  ♦  ^2Qa(t),  «i,  <J«6-P“, 


vltk  0<  m  1  ~  ^s<l*  Then  ererj  root  of  Q  aBSt  be  a  root  of 
both  Qi  and  0^,  of  tho  omm  Bnltlpllcity  or  higher.  But  all  of  the 
real  and  ooaplez  root*  of  Q  wlt9  aoooimted  for  In  [o,l]  ;  heaoo  vo 
neooooarilj  hare  Qi  >  Q«  -  Q#  and  the  ouppooed  oonrox  ropreoeatation 
loilopM#.  This  oonfaetoo  tho  proof. 


We  can  now  proceed  to  characterise  the  ejtceptlonal  points  in 
boundary  of  (see  §2),  The  point  y  ia  In  the  contact  set  C(y') 

of  the  point  y'  If  and  only  if  e-er/  "upportiru;  hyperpiano  containing 
y*  aleo  contains  y.  That  ie,  if  y  ia  rat  in  C(y*)  than 


7’  ’X  ■  0,  y*x  >  0 


Uaing  ooae  reprooentation  x 
3,1  and  7.3)/  VO  obtain 


for  this  point  x  (Theo 


zz  s/'(v  -  m  ^ 

■where  P*  and  P  oorreepond  to  7'  and  7  i^peetlTely.  lenoe  eoae 
root  of  P'  In  h  root  of  P. 

CooTtraelj,  if  t'  la  a  root  ^  P*  but  not  P  than  the  alaple 
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V 


hyp«rpljai»  z(t') 


y*  ’  Vut  aot  y, 


y  Is  not  In  C(y*)  . 


9.5  Tks  oqaataot  sst  0(y*)  of  a  point  y’  of  P*^  ooparlnos 
egpaoily  thono  polywlols  of  irhioh  Tnnlsli  at  a^  roof  of 

I 

Zyjt*  Jb  M  . 

k 

Nov  Ivt  PS  snpposo  that  y  Is  in  C(y*),  so  that  «•  ham 


I  E  yj**  -  TT  (t-tj)  •’R’(t) 


(9.1)  { 


Z  -  Z  (♦-»■)  ^(t) 


-  2,  0  <  t  <  1 

J  J 

1,  t  -  0  or  1 

^tj  all  distinct^  J  -  1,2,.  ,,,r(y»). 


r  ] 

vbsrs  B*  has  no  roots  in  ^0,1^  axospt  possibly  at  sosm  of  ths  t^. 

For  ths  approprlats  0,  ths  polynoslal  A  B(t)  hslodMC*  ^  vhsrs 

(9.2)  n-n  -  Hoj-n  -  2r'(y')  . 

It  Is  sasy  to  soo  fros  this  that  C(y*)  and  ars  hottscsmrphle.  Esnse 

y*  Is  an  Imior  point  of  C(y')  if  and  only  If  the  oosfflolsnts  of  A  R* 
glm  an  inner  point  of  —  that  Is,  If  and  -*  iy  If  AH*(t)  Is 

strictly  positive  over  [O/l]  •  Referring  to  tht  »  eflaltlons  of  ^2,  ve 
see  that  ve  hare  proved: 
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THEOREN  9.4  The  point  7’  of  cseoeptlonal  If  and  only  If 

T—  1  I  T 

)  yj^t  hen  a  nxxltlple  root  at  0  or  1,  or  a  root  Interior  to  jO,!) 

of  nmltlpllolty  greater  than  2 .  The  reduced  contact  get  C  ’  ( y ' )  coaprlgeg 

those  polynanlcLls  in  p”  vhioh  haye  roots  at  the  roots  In  [C)#ij  of 

*  2L  same  multiplicity  or  hlj^er. 

We  haTo  also  established,  by  vay  of  (9.2),  the  first  of  the  follov- 
Ing  useful  fomulas: 

THEOREM  9*5  For  y  p”, 

c(y)  -  n  -  2r'  (y) , 
a(y)  «  n  -  r(y)  . 

Proof  of  the  second  formula.  If  the  roots  In  ^^0,1  of  2Z  ^i^^ 

are  t. .  ...,  t  ,  %,  then  ve  oan  exhibit  the  linearly  independent 

J) 

hyperpisnes: 

all  of  vhioh  support  at  the  point  y.  Any  other  such  hyperplaae 

must  be  a  linear  oembinatlon  of  these,  for  its  conrez  representation 
oamot  Inrolre  amy  extreme  point  x(t)  of  vithout  t  being  a  root 

of  ^  interseotlon  of  these  r(y)  hyperplanes,  considsred  as 

lK>lBt  sets  in  is  the  set  L(y)  (defined  In  §2),  ^^lose  dimension 

defines  the  index  a(y)  .  The  forsula  nov  foUovs  directly. 


Tha  la*t  throe  theoroos  are  malnlj  of  Interoit  for  the  ■boundary  of 
Hovoror  it  !•  eaelly  Torlfled  that  they  are  ralld  for  Interior 
polnta  aa  veil;  oonaequently  ve  hare  stated  than  In  the  more  general 
form, 

§10,  A  property  of  the  ettreae  points  of  P^. 

In  this  sootlon  ve  shall  proro  that  every  point  of  Is 

spaxuied  by  sooe  pair  of  extreme  points.  That  Is,  In  the  notation  of  ^ 
b(y)  »  1  or  2  for  every  ye  P*'.  Moreover,  although  there  nay  "be 
more  than  one  spanning  pair  In  sosie  oases,  ve  shall  shov  that  there  Is 
alvaya  a  unl<iue  representation  in  vhlch  the  extreme  polynomials  have 
Interlocking  sets  of  roots  In  ^^0,1  This  vlll  irrove  a  useful  strengthso- 
Ing  of  the  vell.>kBovn  theorem  on  the  representation  of  a  non-negatlvs 
polynoalal  as  a  sum  of  squares .  ^ 

The  next  tvo  theorems  are  lensias  for  the  main  result. 


THEOPH^  10.1  Let  a-fl  oantlimoua ,  non-nsgatlve  fimotloms 

fo(  M  /  ^l(  )  #  •  •  ^  defined  on  the  ■  Implex  21™  2L  ^  = 


. . . , 


1, 


vlth  the  further  property  that  each  f  j(  ^  )  ranlshes  on  the  face 
t  B  0.  Then  for  some  In  31*, 

J 


7  See  for  example  Szogo  [io]  ,  p. 


Define 


fj(>  ),  k  -  0,  1,...,  m, 

azid  vtrppose  that  the  F^(  i  )  nerer  all  Taalah  at  oxsca.  (At  least  one 
ranlshes  at  each  point,  and  all  are  Bon-negatlve.)  Then  the  tmsfomatlon 


defines  a  aev  point  in  the  houndary  of  H  (Ve  rsduoe  euheorlpts 

Stfdnlo  m+.l.)The  napplnf^  ^  4;*  I'j  oentlnnous;  it  therefore  has  a 

fixed  point  hy  the  fanlllar  theozw  of  Bromrer,  If  ^  ♦  Is  a  fixed 
point,  ee  oan  set  up  the  follsvlag  ohaln  of  inplleatlosMi : 


frca  vhloh  ve  oonolnde  that  all  ocnponents  of  ^  *  Tanlsh  If  any  one 
▼nnlshes.  But  ve  hnov  that  at  least  one  ooKpoktent  msnlshes,  and  ve  eilso 
knov  that  all  cannot  Tanlsh.  This  oontradlotlon  forces  us  to  ahemdocx  our 
original  asstoptlon  about  the  F^(  ^ ) ;  there  smst  In  fact  he  a  ^  In 
tor  vhloh  all  vanish: 


-’i(i)  ■  •••  - 


This  Is  equivalent  to  the  assertion  of  the  theo; 


THEOREM  10.2  If  f(t)  contlnuoiia  and  po»l tlTO  for  t  0,l| 

then  a  non-negatlre ,  n-th  degree  poljncgnlal  V  tl  vlth  r  '  (S)  =  n/2 
exleta  eatlefylng 

0(t)  <  f(t)  0  <  t  <  1 


Buch  that  equality  hold«  a  leaat  once  betvee  each  pair  of  dlatlaot 
rootB  of  S(  t)  .  Either  of  the  further  condi tlans: 


f 

\ 


\) 


'i(i)  -  f(i)  ^  c;(o) 


j  f  ('0)  (n  eren) 
i  0  f  n  odd) 


ax 


(0  (n  errm) 

3(1)  -  0  aii  -(-)  -  i 

(f(0)  'n^ 


detomlnee  o(t)  xmlquely ,  eia  a  multiple  of  ^  e lament  of  or  Q 

rogpeotlrely . 


Proof .  Wo  aBBume  condition  (A),  vlth  n  =  2nL..  The  three  other 
oeLBOB  are  prored  In  eBBontlaliy  the  eamo  way.  The  polynomial  S  amet 
hare  the  fora; 


3(t)  =  (t)  -  Cl  TT  (t-u  )"  (a  >  0) 


vhoro  u  o  (ui  , 
defined  by: 


u^)  Is  a  point  In  the  Inter j  or  of  the  b Implex  U* 


0<\i^<  ...<u^<l- 


u  f  u“ 


•  •  • 


Wo  deflno  the  qiuuitlty  i.(u)  to  bo  the  greatest  such  that 

J 


_  f(t)  ,  all 


The  dofinltlon  la  valid  for  J  =  0,  1,  m  If  ve  adept  the  ''.onvont.lona 

Uq  =  0,  Those  m+1  functions  are  continuous  and  bounded  avajr 

frooi  loro  thm\i^iout  the  interior  of  U®.  ‘.b  \i  approaches  the  boundary' 
face  defined  by  Uj  ^j-fl  function  tends  to  Infinity.  The 

reciprocal  functions  l/rt^{\x)  therefore  satisfy  the  conditions  of  Thoorom 
10.1,  and  ve  conclude  that  a  point  u'  exists  vlth 


^(u*)  =  ...  =  i' . 

The  polynomial  S*(t)  =  is  eqvifJ.  to  fft)  at  least  onoe  in  each 

Interval  betveon  roots,  aui  clearly  has  the  other  properties  require  by 
the  thoorea. 

To  shov  that  3’  Is  unique,  ve  take  any  3"  having  the  seme  propertl 
and  exaalno  the  difference,  C'-G”,  again  an  n-th  degree  polynomial.  In 
fact,  suppose  that  the  smallest  root  of  3"  Is  less  than  the  smallost 
root  u^  of  3'.  Then  It  Is  easy  to  shov  that  3 '-3"  has  at  least  one 
root  In  the  open  Interval  (0,  u^)  and  tvo  roots  In  each  interval 
[u^,  U,!,  I  >  •••>  I  j  *  total  of  aa  -  1  (the  possible  coin¬ 

cidence  of  SOBM  of  the  roots  of  S'  and  3"  does  not  affect  the  total, 
counting  multiplicity)  .  Tn  addition,  S'-G"  vanishes  at  0  and.  at  1, 
so  that  the  number  of  roots  exceeds  the  degree.  Ilanco  S'-S"  =  0. 
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THBORai  10.5  Srory  oon-«xtreae  point  y  of  p“  hM  a  \mlqua  oograt 
x^pra»ontatl  on  “by  a  pair  of  ttr—a  polnta .  ona  oaoh  fraa  and 

vfaoaa  roota  Intarlook,  aa  follova; 

IZ  “  a  TT  (t-t  ♦  pt(l-t)  ^  (t-t  )® 

1-0  ^  >1  >1 

n  ■  ai;  and 

IZ  ^  ♦  P(l-t)  (t-t, 

J-1  •’  >1 

IT  n  -  aa+l,  vlth  a>0,  0>O,  Moraorar.  y 

la  Interior  ^  1£  and  only  If  all  of  the  laaqaalltlaa  are  atrlot. 

Proof.  Taka  y  Interior  to  P^  and  denote  Yl  ^7  * 

Than  P  la  etrlotly  poeltlre  orar  L^»lj  (Theoren  Q.l)  .  Applyln^i  Theoraai 
10.2  (A)  emd  (a)  to  F  glms  ua  polynaalale 

S  -  and  S  -  'j’Q 

But  P  -  S  la  a  xwlynonlal  vlth  the  ease  propartlea  :.5  S;  hy  the  unique* 
naaa  ve  mat  hare  P  '  S  >  S,  or 

P(t)  -  ^  ^(t)  ♦  Q(t)  (^.>0,  j>0). 

r  ■  ; 

Since  P,  and  Q  are  all  in  P^,  we  have  ^  •  1.  Moreover,  the  roots 

of  ^  and  Q  interlock  (strictly)  as  required. 

If  y  is  in  the  boundary  of  p^‘,  tner.  the  same  procedure  works  if 


ve  itart  'bj  dl riding  out  the  root#  in  [0,l]  of  P(t)  tjad  finish  by 
anxltlpljlnK  thae  hack  into  both  taxne  of  the  representation.  But  nor,  vlth 
some  roots  oossMn  to  both  oztresM  poljnomlals,  the  tvo  sets  of  roots  vill 
no  lon^r  interlock  so  as  to  satlsfj  the  stx^ot  inequalities .  This  ooBqpletes 
the  proof. 

Ve  maj  rsnark  that  sons  points  in  aro  spanned  also  bj  pairs  of 

sxtrene  points  vtaose  roots  do  not  Interlock,  or  bj  pairs  of  sxti'ene  points 
frcn  the  sane  oosiponent  of  Q°.  Hovsrer,  Theoren  10. 3  desoribes  the  onlj 
natural  vaj  of  asneratin^  fron  in  vhloh  every  point  is  represented 

onoe  and  only  onoe. 

§  11.  The  boundary  of 

Petuming  to  the  numant  spaoe  ve  nov  Ixtrestl^te  the  manner  in 

vhloh  its  boundary  is  spanoed  by  the  extresM  points.  In  order  to  be  able 
to  apply  Theortm  7.3  've  assiae  throughout  this  section  that  a  >  2. 

THEOREM  11.1  The  repressctation  of  the  point  z  jn  ^  extrens  points 
if  if  and  only  z  i£  boundary. 

Proof,  (a)  Ths  set  of  extresM  pc  lata  is  a  tvlsted  ourre  (see  ^  7) 

that  does  not  neet  any  hypsrpIszM  in  nore  than  n  points;  heooe  ths  eontaot 
sst  C(z)  of  a  boundary  point  x  can  contain  at  aost  n  of  the  sxtme 
points.  But  any  n  or  fever  extreme  points  are  linearly  indepseidsmt  (see 
proof  (d)  of  Thsoram  7.2),  therefore  C(x)  is  a  simplex.  Ths  representation 
(3.1)  of  X  depends  omly  on  ths  reirtioss  of  the  simplex,  amd  heaos  it  is 
unique. 


-59- 


(t)  If  X  Is  interior  to  then  it  is  iansr  to  ths  secpssnt 

ocamsotin^  z(  t)  vlth  the  dirsctlj  opposite  'bonodary  point  z',  z(t) 
bsin^  anjr  point  on  C°.  A  reprossntation  for  z  can  tbso  bs  ooostmotsd 
bj  ocablnln^  z(t)  irlth  tho  rsprsssntatlon  for  z';  z(t)  viU  noosssarllj 
appear  vlth  positlTO  vsi^^t.  Bnt  sines  t  vas  arbitrarj  in  [0,l]  , 

there  are  infinltelj  naaj  distixM>t  suoh  representations  for  z. 

TESOREM  11.2  hss  DO  egceeptloMal  points. 


Proof.  Ho  Interior  point  is  ezoeptlonal.  Let  z  be  a  boundary  point 
of  and  oeosider  its  uniqne  representation 


*  ■  5 


J-1 


1, 


We  shall  shov  that  C(z)  is  preoiselj  the  simplex  S  spsoaned  by  ths  points 
z(tj)  .  Then,  sinoe  x  is  clearly  inaer  to  3,  z  is  by  definition  ziot 
exceptional.  We  at  once  hare  S  C  C(z)  because  erery  supporting  hyperplane 
at  z  contains  all  the  points  shov  that  S  •  C(z)  ve  need  only 

exhibit  one  hyperplane  that  contains  the  extreme  points  z(  t  j)  and  no  others . 
But  any  polyncmial  in  P*'  haring  Just  the  set  of  roots  vlU  proride 

such  a  hyperplane. 


THEOREM  11.5  For  z  ^  the  boundary  of  D**, 


o(x)  =  b(z;  -  1. 


-ko~ 


Proof .  Bj  tb*  definition*  of  ■b(x)  and  o(x)  (eee  ^  5  «»d  ^  2) 

ve  haee 

o(x)  M  dla  C(x)  ■  din  S  ■  b(x)  -  1, 

S  'beln^  taken  aa  In  the  preceding  proof. 

THEOraw  11. H  i€  and  je  are  oonJuaate  point*.  Uw> 

h(x)  -  r(y)  . 

tetf »  Thaore-a  5.2,  9.5,  and  11.3  fflr®  u*  reapeotlrely: 

n  -  1  -  o(x)  +  a(y), 
a(y)  -  n  -  r(y) , 
o(x)  -  b(x)  -  1. 

Adding  the  three  equatlooa  glTea  the  dealred  reexilt. 

Conalatentlj  vlth  o\ir  deflnltlooa  In  ^6  and  ^  9  ve  define  b'(x) 
to  he  'b(z)  -  1/2  If  one  of  x(0),  z(l)  oooura  in  the  aoet  efficient 
repreaentation  of  xeD*';  to  be  b(x)  -  1  11  both  oconr;  and  to  be  b(x) 

If  neither  ooovra.  V*  then  hare,  without  difficulty: 

THBORKK  il.5  m  xel/'  and  je  are  oon.limate  point* .  then 


b‘(x)  -  r’(y). 
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1HE0REM  11.6  For  x  ^ 


a(x)  =  2b’(x)  -  1. 

Proof,  (a)  Flnt  take  x  In  the  ‘boundary  of  D^,  Theorm  5*2,  9.5, 
and  11.5  ue  reepeotlrely: 

n  -  1  -  a(x)  +  o(y) , 
o(y)  -  B  -  2r‘(y) , 

X)*(x)  -  r'(y) ; 

vhere  the  axletenoe  of  the  oonjiigate  point  y  In  la  eiaaured  'by 

Tbeox*QBi  5.1b.  The  a\im  of  the  first  tvo  equations  and  tvloe  the  third  glres 
the  desired  msult. 

(b)  Suppose  now  that  x  is  In  the  Interior  of  D^,  so  that 
a(x)  a  n.  Pass  a  line  throcM^  x(0)  and  x,  mestlni^  the  opposite  boundary 
at  x* .  As  In  the  proof  of  Theorsa  11. lb  vs  oan  'bxilld  up  a  rspresssitatlon 
for  X  out  of  x(0)  and  the  representation  for  x',  glrlng  us  the  estimate 

l)'(l)  <  b'(x')  + 

But  a(x')  is  at  most  n-1,  so  that  part  (a)  of  this  proof  IT^TS  xis 

(11.1)  b'(i)<^. 

Hoverer,  there  ml^t  *60  a  more  efficient  representation  for  x,  glrln^  us 
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(11.2) 


(x)  <  1.®.,  b'(x)  <  §, 


If  m  denote  the  eartreae  points  inrolTed  by  x(tj),  b(x),  than 

It  le  possible  to  oonstmot  a  non-negatlra  polynoaial,  ranishinK  at  erery 
tj,  vhose  degree  vonld  not  eocoeed  n.  (See  for  aocuaple  (9*1)  ..)  rThin  vould 
entail  the  existenoe  of  a  supporting  hyperplane  to  vhioh  oontains  all 

the  points  z(tj)  and  thezvfore  the  point  x  itself.  Clnoe  x  vae  assiaed 
interior,  (11*2)  is  impossible  anl  the  equality  anist  hold  in  (11.1)  .  This 
proTss  the  theorem. 


M*)  <  ^ 


Am  a  oorollaz7  ve  hare 


for  all  x  in  D  .  Tld^s  ocntrasts  vith 


My)  5  2 


f  0^  folate  la  ^ 


vith 


--ii: _ : 


b(  t)  <  Bfl 


M  N 


/  .iT  j 


for  the  general  convex  oe||  in  e"  (Theorem 

Vink  thioraa  11,4  at  our  dlapooal,  w  find  it 

/* 

poiats  of  in  a  natural  vay.  Ve  define 


L 


C 


a(x)  -  a. 


Mor«  particularly.  If  a  <  n,  v©  ahall  uae  C*'  for  thc«0  points  of 

i^ioso  unique  x*eproeontatlon  (eoe  Tbeoreei  11.1)  InTolree  th.^  point  x(l), 

and  for  -  C^.  We  shall  refer  to  these  sets  as  the  a>fsoss  of 

—a  a  a  •  '  ■ 

For  exasqplo,  ve  hau© 


C 


n 


U  C 


n 

0* 


The  partition  of  the  boundary  of  D*'  Into  a-faoes,  0  <  a  <  n, 
generates  a  dual  partition  of  the  boundary  of  Into  "o-faoss" 

■  7^ 

0  <  o  <  n,  on  vhlch  0(7)  Is  oonstant.  This  foUoes  frcn  Thsoresi 
slnoe  It  Is  erldent  that  the  partition  there  Is  a  ref Inesisnt  of  the 
present  partition.  (See  §^.)  In  partloular,  ve  hare: 


=  (C^  -  (ordinary  points  of 

^  «=  “  (oxd.lnary  points  of  Q°) , 

as  nay  be  seen  frcn  Theoresn  ^.2,  9.^,  sod  the  definition  of  Q^. 


n{B0R9(  11.7  The  two  a-faoes  and  a  <  n,  ^  the  bomdary  of 

are  tho  naTlBiaT  oonneoted  oosipooeots  of  sad  hsTS  f  topologloal) 

dlnenslgg  a. 

Proof.  A  typloeil  point  x  In,  s«iy,  unique 

representation 


♦ 


(11.5) 


z 


•  •  e 


elm#  1>*(z)  -  b(x)  •  A.  H«r«  tha  4^  are  all  poeltlTe^  vlth  am  1^ 
and  tlM  Uj  ar«  all  dlatlAot,  not  0  or  1,  and  amA^ed  for  the  aake 
of  iittnmaaa  la  aacanrting  order.  Ve  oan  ttaarafora  aatabliah  a  oaa-^nM 
aarraapeaflaaoe  batwaan  ^  aad  tha  prodi»t  of  tba  laWrlora  of  tha  bao 

alAiOLaaBao  aad 


(ii.M 


(11.5) 


<==>  ^0^®'  ^1^0. 


^A-1  ^ 


Tte  aapplag  obrloaalj  doaa  oot  dlataz^  toyolofloal  propartiaa,  kaaaa  2mrl 
la  tha  (topelogleal)  dtaaaalon  of  ^  ra^alrad.  la  a  aiallar  wgr^ 

la  ralatad  to  tha  pair  of  aiaplaaBaa  h:  to  rf",  ^ 

and  ngela  to  X)*,  :Hr*.  Tba  ooaaeaotlTltj  of  tha  ladlrldaal  a-faoo^ 

la  ajparapt  tram,  tho  abore,  aad  thalr  pcd.rvlaa  aaparatlon  la  arldoat  froa  the 
raXatloa; 

(11.6)  (oloaara  O  "  "  U  .  (oloaara  C®)  -  C*, 

^  ^  h-0  •  • 


iridoh  foUaw  from  (11.5)  •  Thla  ooaqplatoa  tha  proofs 

Ve  eeold  nov  IDoa  to  aaj  aoAathlB0  about  tha  rapraaentatlea  of  polota 

iB  C®.  tha  latarlor  of  D®.  If  W9  acountarllj  taza  our  attantloa  to  tha 
& 

^  1^.  k  >  o,  ..  aaa  that  thara  la  a 
natural  oorraapandapoa  batveaa  C®  and  althar  oaa  of  tha  tao  n-faoaa  of 
D^.  In  fact,  la  Jnat  tha  non^alngnlar,  parpandloular  prejeotlon  of 


or  Into  Tho  unique  reprecentatloan  in  Uie  hi|Ai«r  M%« 

“Ti  n 

go  Into  "nlnlmaLl"  repx^antationa  In  c”,  InrolTlng  eocaotlj  "b'  •  (n4l)/2 
extcrene  polnte.  S&ob  x  In  hat  preoltelj  tvo  rueb  nlmlnRl  x%|acv> 

•entatiooa,  fomalXj  Identical  ultk  the  reproeentetlone  of  tke  InToree  IsAfee 

3(«k)  “*  *(n+k)  <rf  ^  CT’' 

Considering  the  proof  of  the  preceding  theoren,  %e  oan  therefore 
assert: 


kii2L*j;4> 


.ai-1 


An  sas^  »-Piuwnt»r 


M  11.8  Th*^  Intertor  of  D* 

tmi'xj  of  (M»l)>44n»Ai_qohl  sl;gpleges  -  *  agd,  jjA  a  dlffmwt 
^  w  (B'l)  -parcattor  fadli  of  m-d^ea^lffa^ 

of  D  U  swept  cut  jn  jag  different  yaje  ^  “"jasSafSai  ftaUles  ^  ■- 

3Aagi§.4.tiaj^  tiJii3.igcc  z^. 


\i9  shall  Bake  use  of  this  pozenetrizatlon  la  ^  1^* 


OEAPTIR  m 

TBX  SBflPLmS  3®  AlCD  b“ 


&r«  oloseVj  to  % 


p&ir  of  dual  tlaplozM,  vlth  vhooo  aid  vo  aro  ablo  to  ^MMtrlso 


it  oo^ttoooos  aad  pooltlTo  poljMalalo 


la  deflaad  \3j  ita  rartloM  X 


n,  vlth 


thoaa  coordinator  are 


Flgur#  thova  8*  l|i„xiijUit$iqA 


We  ahall  denote  thla  ainplax  bj  S 


|Kii 

t 

;  vS 

-1*  - 


Fig.  12.1 


THEGHW  Ifi.l  s“  oontain*  d“. 


Proof.  lt»7  to  th«  pi*oof  !•  the  Identity 


n 

(12.2)  -  IZ  (  Z  — - 

k=^  ^  i  ' 


Aooeptlng  this,  vo  obtain  by  dlroct  gubetltutlan: 


1  -  0,  1 ,  . . .,  n, 


(12.5) 

vlth 


^  ft' 
x(t)  -  __  , 

t-O 


■'k  \X 


A  ■Implo  calculation  for  (12.2^  vlth  1=>0)  glvos  ua 


TM*  «hovi  that  th»  aitroae  polnU  of  s“ 

x(t)  of  d",  aad  haac©  that  oontaiaa  d°. 

To  rarlfy  the  Identity  (12.2)  vo  obeervo  that 


•pan  the  artren#  points 


nay  therefore  be  written 


With  the  euhetltutlone  I 


diffe 


hohat  and 


'wi  ■  *  *  '  *  ^  1  *  f  1  ^  ' 

^  j  *  Q; » '  » 

These  quantities  have  a  s  L-nple  geometric  interpretation.  Applyirig 
(6,2)  to  the  ri^ht-hani  expression  above  giver  us 


<«Nn 

^  •  m  *'<* 

(12.6) 


.  i  rnS 

>'  '  />*'2 


V'v'  w 


If  V9  doaot«  by  th«  mamatu  of  ^  w  t]k«a  hjive 


by  (12.5)  and  (12.6),  vlth 


A.t  >  0. 


A„k  -  1- 


^  “*  **“  Wjo«Etrlo  ooorOiaat**  of  i  In  th» 


Y,‘ 


V  ^  •  i,  ’ 

SoiaiB#  «•  «k*  dwl  ifMC,  **  o«»U«r  tte  poljiw»1rj||i 

-sai 


(IJ.l) 


“■k'*’  -  (k)  ♦’"h-t)*"'', 


kV 


i:’5 ; 

r  -Mi 


k  *  Of  X«  e«af  &*  ^  ■  .  w  *'  V 


■■  ■  ■  ■ 

By  TkaoTM  9.2  lb««e  polyacataTa  ar«,  up  t«  a  poaltlvt  faster,  aactarfMo 
of  P*.  Li  fact  rm  hara 


V' 


^  If  n-k  la  aratoi 


if  n-k  la  odd. 


DanotlM  ^  polat  (■♦l)!^  by  va  obtala  Uip 


for  it,f  toax^ilanUa: 


Th*  aatrlz  of  th« 


SVlMtaitiAlly  th»  iSTMTM  of  tk*  Mitrlz  (12.1), 


for  VO  hfcTo 


(15.2) 


»fl  If  t  •  I  ; 

0  If  t  ^  t  , 


fHo  alaplas  lyuMd 


tiy  tbo  a4>l  poljrU 


VO  doxuito  ^7 


It  !• 


oVrlootly  iMorlbod  Im  P^.  riiptro  1^.1  ladlootoo  tko  ooaf IfiorotlcA  for 


Fig.  13.1 


mORW  15.1  B*  llAllll  s*- 


It  tuffioM  to  »hov  that  the  Tertlaea  of  S^, 

iBterprrtod  la  the  daal  apaoe,  are  the  hTperplaaee  ooatalaiag  tha  fa>l)* 
dtaaaeloaal  faeea  of  But,  \j  (15.B),  each  igrp^rplaaa  aoatalai 

ox^tl7  n  cf  the  rertloee  7^^'  of  B*',  aad  the  reealt  folleve. 

It  is  noir  erldatt  that  the  hTperplaaeo  vhlah  dateralaa  tha 
diaeaalfeal  facet  of  are  enpportia^  hTperylaaee  to  aa  vail,  ao 

t!aat  la  aoaa  aenae  S*  la  the  oMt  aloael7  flttlnc  elaplex  that  oaa  ba 
olrovBMrlbed  aboat  Doall/,  B*  it  la  aont  t«ia»e  a  aatlaal  laaaiiMld 

tlaplax  in  P°.  A  iffaelae  aeflaj  to  theac  atataaeata  vlll  ba  glvia  la  tiM 
aert  tvo  aaotlotw. 

A  iii^tla  oalatdatloa  abova  that  the  owtroide  ef  the  tao  alapliOM. 
aad  aro  raapeetivalj 

X  -  (1, 


Theae  vlll  be  rocoftzilxed  frva  ^  ^  ea  the  nonutlltliig  Ttotoro  aaod 
aeleotlag  the  oroef'Seetloae  aad  D°  of  the  ooitln^te,  eoavaa  atiiil 
1’  (P®)  ead  PCI'®)  .  Tlia7  oorraapood  to  the  "reotanijaler"  Alatrlhvtltfil 
fCCt)  -  t  aad  the  ooaataat  polyaaeiAal  P(t)  «  1. 


Va  haw  alraadj  acted  that  P®  la  a  oroaa*aaotlQa  ef  r  « 
the  oorraapoadiag  ereaa>aeotiaa  of  the  laeorlbed  elapleK 


but  A  I&rger,  poljr)MdrB.l  bodj,  aor*  ne&rlj  flXllji^  ovt  tht  Intarlar 
of  P*. 

TtiORlM  1^.1  11  j  !•  laUrlor  to  p“,  thwi  for  •nfflol^tAy  Urgt  m 

iMssia^ 

^(a)  “  ^^0'  ^1'  •••»  V 

if  is  B*. 

Pr— dT^ .  I>«aot«  bj  i|^j  tbe  rartloM  of  S*,  ahA  hMM  *lao  tha 
lijpMTlaaM  la  (I*)*  oanTia^  tte  ^oad«T7  of  JT,  U«  mst  aksr  ttat 


(U.1) 


^  *  t  %  f  u 


hold!  (for  fixad  a)  If  a  la  takar.  aufflclaatljr  larga.  Vrltlag  tit  •  k,  va  hara 
for  aaob  1  ■  0,  1,  a: 


X 


a 

T 


bj  (12.1) .  Am  a  laoraaaaV/  this  oaararfaa  (mfforalj  la  t)  to  t^.  Bat 
froa  iha  bjpotlMaia  aad  Thaoraa  SM/  va  baya) 


>  S  >  0, 

1-0 


0  <  t  <  1. 


It  foiloiia  that  (1^.1)  balda  for  anfficlantljr  xarga  a,  aa  aaa  to  W  fliMl. 


8  Saa  Eaaadorff  [  U]  ,  p.  22h, 
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Tbo  proof  haa  shoim  that  as  m  laoraaasa  ths  rertloss  of 

tand  to  th«  points  x(ky^)  on  C*.  Ths  projsotlons  of  S®  on  K®  (n 
flxsd.)  font  a  nsstsd  ssfmsBios  of  polyhsdml,  ooaiTsx  bodlss  tsndiag  to  D®. 
Hovsrsr,  ths  Hazlatai  dlstaaos  of  to  D*  doss  not  tend  to  %mro  as  ■ 

inorsasss.  For  axaapls, 

I  X^(  (Dr-l  )  /i)  -  ->  I/S. 

Vs  thall  also  ass  In  ths  nsxt  asotloi^  that  ths  toIssss  of  3®  and  l/^  do 
not  approach  saoh  othsr  asjnaptotloallj . 

OTOOHBM  14.2  OlTsn  ths  soqusnos 

Xq,  X^;  ...  , 

than  -  (Xq,  x^,  • .  • ,  Xjjj)  If  is  3*  sii  »  i£  onlJ  ii  X  Is 
u  d”  for  lOl  S. 

Proof .  This  la  ssssntlalXj  ths  dual  fora  of  Thsoisn  l4.1,  It  folios*  from  it 
at  ones  bj  asans  of  Theoraoa  12.1  and  4.^. 

Translating  thsss  thsorsois  out  of  gsoastrlc  tsralnolo^  vs  obtain  tvo 
vsll-k3ioTm  rssxilts: 

i 

’rasoREM  iV . 5  poljnoalal  posltlrs  op  ^^0 ,  IJ  oan  hs  rsirsssntsd  as  a 

f lalts  if  vdth  posltl^^coef ficientB  of  polynomials  - 


of  t^fflolwitljr  high  d»gr»o . 


iraORlM  lK.4  A  n»o»aMkry  ttpd  attff Iqiant  poadltlcxa  Uiat 

]  Xq,  x^,  ...,  ... t 

\>9  the  acmwita  of  aoaa  dlatrlbutlon  ftmotlon  on  [OA]  ll  the  ■K.gepoe 

ha  "ooMplatflj  noaotoinio* ,  1  .a. ,  that  tha  x^  and  tjlalr  mooaaalTa  dlffarano»a 
A  of  all  ordara  ha  all  aoc-aagatlra . 

The  latter  follova  Tram,  tha  axpraaalon  (12.5)  ralatlnit  tha  ^  to 

tha  harxoaaktrlo  ooordinataa  of  x  In 

b  1^ .  CaKparla<m  of  toXwm#  ♦ 

Va  nov  oaloulata  the  a'dlnanalcnaal  ralwaa  of  3^  and  D^,  to  obtain 
fxurthar  iml^t  Into  tha  ralatlon  hatvaan  tha  tvo  hodlae.  Tha  raanlt  la 
aoaavhat  ti>#clal  --  unllha  our  other  raaulta,  for  azaapla,  tha  artanalon  to 
rnemmoX  apaoaa  baaad  on  tha  ganar&l  flnlta  latarral  [  a,h  |  ,  thoni^i  not 

dlffioult,  la  not  lnnadlatal7  apparant.  But  va  faal  that  tha  mnarlcahlj 
naat  fomila  for  rol  in  tama  of  tha  bata  and  ganna  funotlona  Juatiflea 
tha  Inolualon  of  a  portion  of  tha  oaloulatloa. 

THSORKM  l‘).l  n-dlnanalonal  TOlmaa  of  3°  la 


Proof.  W«  emit  this  •iMMOtarj  ociloulatloc . 


•nntOKSM  1^.2  The  n-dlJMMlopal  voXiiat  of  la 

TOI  D*  -  B(k,  k)  -  1T  ^^7^'  • 

k-1  )ol  I  ' 

Proof.  Wo  outllzxo  tko  proof  for  tho  oaoo  n  ■  ai-1.  By  Tboor«i  II. c 
VO  may  rogard  tho  Intorlor  of  D*'  a*  the  prodoot  of  tho  Intorloro  of  D*  and 
doflnod  By  (11. t)  arid  (11.^).  It  Is  oonronlont  to  replace  0*  By 
tho  unit  m-oubo  I®,  thereby  nnltiplyliig  tho  roltiao  By  ml.  Thao 


TOi  ii“  -  y  (ta,  ...  dx  -  i  y  ['  |j|  if,  ...  df  ...  d»Li 


k  _ 


1 


^  i-  .1  ..ndk 


J  beln^  the  Jacobicui  Dr  the  t  rans  fonnal  ion  (11.'^)  with  replaced  by 
1  -  •••  ”^^2.  •  I  ^  calculation  yields 

ff 


,J!  ■  TTf  ^ 


1 

>1  'J  >2  k>l 


W 

t  k 


onaBllng  oo  to  oplit  up  tho  lategred.  Tbuo: 


TOl  d'' 


IT 


dh 


m-1 


/'  TT  (U.-U  )*du^  ...  dtt  . 
^  ^  <  J  ^ 


Tho  flrot  Integral  le  l/"  (2m)  .  By  a  roeult  of  SelBorg  l3^  the  raluo  of 


-ff  r(ac^l)  ^l■f2k-l)j  ^ 

k-1  2  r’(2»f2k-2) 


the  oeoond  la 


Com'binin^  theae  raaxtlta  jrlalda: 


TOl  D 


r(^) 


a 

TT 

k-l 


r~f2ui)  [  rf2k-i)]  ^ 

2krf2a45k-2) 


From  this  tha  theorwa  caa  ba  rarlflad  dlractlj,  or  bj  Induction  on  a.  The 
caae  n  -  2a  la  treated  alallarly. 

We  are  nov  in  a  poaltion  to  ocaapare  the  aiaoa  of  3^  and  aa  n 

Inoreanea  .  A  raaaonable  aeaaure  ml^t  bo  the  n-th  root  of  the  ratio  of 
Toliaaea,  vhloh  could  be  expected  to  approach  1  for  large  n,  eren  If  the 
ratio  Iteelf  doea  not.  Hoeerer,  it  la  not  difficult  to  ahow,  from  the 
theoreaia  Juat  pro  red,  that 


tqI  D 


1 

n\n 


.  rol  3 

\ 


.  o(?'V/^)  -»•  0. 


Thla  reeult  aakaa  an  intereeting  oontraat  vlth  Theoren  lU.2 


CHAPTER  rv 


AL&EBRAIC  DESCRIPTIOH  OF  THE  MOMEIfT  SPACES 


'^16.  Moment  ■wiuenooa  and  quadratic  form. 

Ve  tvTD  flrat  to  tkm  foMtioft  of  vtethor  a  giym 

•  '  t  •  •  • 

constitutes  the  flrsu  n  monents  of  eone  function  In 

a  given  point 


—  that  Is,  whothsr 


X 


•  •  •  > 


is  in 

•  *  •  > 

By  Thoorsi  6.).  v»  kvr« 


(16.1) 


X  -c 


X  •  y  >  0 


f or  all  y  In 


(considering  first  the  eren-d loans lonal  case)  .  It  Is  oqulradent,  hoverer, 
to  have  y  ra£ge  orer  Just  the  extreae  points  of  P‘  ;  thus: 

2ii  2iu 

('.t  ,2)  X*  D  <  X'j  >  0  for  all  y  in  G  . 

Wo  have  seen  in  0  that  the  polynomials  of  Q  all  hare  one  or  the  other 
of  the  tvo  forma 


(suhecrlpta  here  Indicate  the  degree),  ''"urthermore ,  all  polynomials  (16.'^), 
though  not  necesearlly  In  Q  .  are  certainly  In  ^  ,  or  positive  amltlplee 

of  olomeats  of  P  .  Thus  (1'  .1;  and  (I''-.?)  are  equivalent  to: 


Q  The  crlterior,  of  Tteorerr,  1'../., 


of  :ourPe, 


only  to 


i  nflnit  e 


se  quences . 
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X  tD 


2xt 


2m 


x*y  >  0  for  til  y  such  that  ^ ^ 

„  TA.  1*0  ^ 


7,t  haa  either  the 


\  a  th©  ft>rm  t(l-t)  |  )  *  5  I  • 

^  ^  ■  ir  1-.^^  ■'"■  • 


form 


KlinliiatlJD*  y  fflrea  vm  finally; 


X  fc 


m 

n 

>0 

fco 

a-1 

m-1 

n 

n 

>0 

)c»0 

IMV  ••-  Q^) ,  and 


We  thua  hare  tlxe  vell-knova  raeult’^; 


TBDBORIW  l6.1a  A  aeoeasaxy  and  auff lolect  condition  that  x  ^  a  polpt  of 

^  A*  the  tiro  ^padratlo  foyna; 


m-l 


pemltlTe  daflmlte  or  aealdaf lalte . 


In  an  analogoua  manner  ve  may  eatahllah: 

theorem  16.11)  A  iwceaaary  and  auff lo lent  ccmdltlon  that  x  ^  a  point  of 

^eel 

D  L|  that  the  quadratic  forme: 


)  0  Sao  for  example  Shohat  and  TaKarklm 


r 


P 


agd 


3^0 


i 


"b^  poaltlTp  dof Inita  or  ■•nldcflnlttf . 

The  proof  of  the  next  theorem  follovB  the  eene  ll&ec  ae  above,  aaUcin^ 
ue«?  of  Theoren  4.2, 


theorem  10 .2  A  oec eaaajy  and  tuff  Iclant  condition  that  x  ^  an  interior 
point  of  Jji  that  q[uadratjc  fome  of  Theorea  l6.1a  or  lo.lb  (vfalGherer 

appllee)  be  poeltlve  definite . 

.  The  detomlnante  .  ,  and  their  relation  to  the  facea  of  I'  . 

S  m 

We  nov  introduce  a  epeclal  notation  for  the  "Hankel"  detemlnaata 
aaaoolated  vlth  the  quadratic  fortui  of  the  laet  aeotloa; 


1 


I 

i 

I 


—  2k+l  “ 


^♦1 


\-^2  '  •  •  ^2k+l 


^  ■  Vl 


2k+l 


\  *•*  '^2k-l"*21c 

1  -  I^  ... 

\'\^1  •••  ’^2k'*2kvl 


The  iub^orlpt*  bar*  been  ohoeen  ec  &■  to  indicate  the  hlgheet  monaDt  cccurrln^ 
In  eaoh  deteiminant .  The  upper  and  lover  bare  vlll  be  eeen  in  die  oouree  to 
a^ree  vlth  our  preTloua  una^. 


THORBM  17.1  A  neoMXiry  tad  eufflolent  condition  that  the  tuadmilo  fom 


■f'. 

> ' 't. 

be  positive  definite  is  that  the  first  principal  minors 
matrix  ail  be  pcgitlve. 


-vf  Its  symmet  ric 


of 


Hote .  By  the  "firat  princlpa  mlnore"  of  an  array  such  as  the  matrix 
^2\i  nean  the  k-t-l  subdetenBlnants  ^ ,  ... 

For  a  proc'f  of  this  atandard  result,  see  for  example  Ferrer  lU  I  , 


pu«e  158- 
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THBOKEM  17  Th»  point  x  1»  lntci»ior  if  m><?  only  if  all  of  the 

Afteimlnanta 

-^1'  ~n’  '^n 


axe  poeitlre. 


Proof .  By  Theorsna  16.2  and  17.1  i  la  Interior  to  If  and  only 

If  _ ,  A  ,  /-  r,f  ate.,  are  poaltlr*.  It  only  raiiaina  to  nwark 

— n  n  — n-2  n-2 

that  If  X  la  Interior  to  D^,  then  the  point 


*(n-l)  “  '**'  Vl^ 

la  neceaaarlly  Interior  to  J*'  and.  the  theoran  follova  at  once. 

SI 

Hov  anppoae  that  x  ie  in  the  botoidary  of  1)  —  eay  in  <d»e  face 

(aee  §11)  .  It  follova  that  liiterlor  to  D*'  eo  that  all 

hut  the  laat  two  deteminaata  (17.1)  are  neceaaarlly  poaltlre,  eukd  one  of  these 

V—  1 

last  tvo  moet  ranleh.  Since  the  polynonlal  2_  aaeoolated  vlth  the 

unique  aupportln^  hyperplane  ye  I  ‘  at  x  hae  a  root  at  t«l,  ve  oea  aee 
that  the  aeoond  quadratic  form  of  Theorc  .  16.1  (a  or  h)  la  poaltlre  aaail- 
deflnite,  vhlle  the  flrat  foms  ie  eaally  ebrv”  to  be  poaltlre  definite.  Hence 


If  X  had  been  In  the  fajo  ,  the  upi>€  •  and  lover  bars  would  hare  been 

“H-i 


rerereed . 


Applying  tha  aaaa  argiMMit  to  the  lo^rer-dlmariiloiMil  fao#«  glraa  ua 


the  follovlng  ohfiiraoterl  tation  thaorm  for  tho  a-faoaa  of 


THBORIM  17.5  The  point  x  1§  onlj  If 


Iiq >  ^^0*  ^ ^ •*•>  ^ ^ ^ 


a-fl 


are  poaltlre  and 


-a-f2^  a+C 


are  ms.  33j>ll<vrly  x  !■  in  C  if  ^  onlj  if 


A 


f  ^ Q0  ^ *  "^1^  •••/  ^  ^  "^a ^  and  ^ 


ore  poaltlTf  aad 


,%£•  H22- 

All  of  the  deteminante  of  index  a-f2  and  higher  raaleh  becauee 

n  n  ""in 

of  the  fact  that  C  le  contained  in  the  cloeuree  of  both  C  and  C  , 

a  -mm' 

for  a  <  ■  <  a.  (See  (11.6)). 

It  ie  eeeential  here  to  epeolfy  that  x  be  In  becauee  the 

analogues  of  Theorwee  1".2  and  1  .1  for  non-negatlre  doternilnar»te  do  not 
hold.  For  an  lllv  itratlre  eza^iple,  see  Vldder  [  9  !  ,  pages  15 V6. 
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^  Iw.  The  lovr  and  upp^r  'boundajc^»«  of 

T.'!’.  \tliig  A ^  to  E«ro  glTB«  11*  a  partloxxiaT  Talue  ^  for  tho  n-th 
nic**nt  at  a  fimctlon  of  tho  prtctdln^  momenta.  We  may  vrlta  thlt  relatlon- 
•hlp  in  th*  oompeot  fom: 


2 


vhlob  la  aotually  indepandent  of 
ve  aee  that 

( .2)  Z  =  X 

n  n 


aa  It  ahoiild  be . 


^-2 


In  almllar  faahion. 


la 


the  ralue  for  the 
For  any  point  z 


n-th  mooMnt  that  makea  H  ranlah. 

n 

in  D  ve  can  define  the  aaaoolated  points 


~  "  Vi’  V 

‘  "  V  Vi-  V- 

since  we  alvaya  hare 

7  <  X  <  X 

-  Q  -  n  -  n 

VO  oan  Interpret  x  and  i  aa  the  projectlona  "downward"  and  "upward" 
of  I  on  the  boundary  of  d”. 

Inoo,  morecTer,  wo  alvnye  hare  by  Theorem  17.5 


z 


z 


cloeure  of 

cloaure  of 


-n- 


1 


I 


wo  shall  i?ofer  to  theae  tvo  cloaed  aeta  ae  reapectlTsly  tho  lover  and  upper 
boundarlee  of  D®. 


CHAPTKR  V 


DISTRIBDTIO!IS  OTYEN  ^^0^'KIr^S 

^19.  Th«  polyncmleli  /.  ( t)  aad  • 

Our  naart  Wak  vlU  b«  to  find  out  vhat  oan  bo  said  about  the  dletri- 
bntlon  functions  vhloh  girt  rise  to  a  glroan  point  x  of  D°.  We  first 
msed  an  explicit  form  for  the  hjrperpLanes  vhloh  support  at  the  assoc  latad 

upper  and  lovsr  bottndary  points  r  and  x  (see  ^  I8)  ;  this  for*  Is  pro- 
t1  led  bj  ths  follovlng  poljnmlals,  closely  related  to  the  determinants 
and  of  17.  We  define: 


^,(t) 


\ 


1 

t 


1  t 
2k- 1 


1 

t 


\>2 


•  *2V  ^ 


^2k  ' 


x^  -  x^  ... 


1 

t 


^2k-2"*2k-l  ^ 


k-1 


^ 


*"  \-l  ■  \ 


1 

t 


1  -  X. 


^  ( t] 


.1 

^4l‘\4-2  **■  ^2k-l'^k 


We  further  define; 


- 

if 

n 

le 

rren, 

i  r 

n 

Is 

odd; 

tn-t)  7\  (t)  ^ 

n 

If 

n 

la 

even, 

p„(t)  ^ 

(1-t) 

if 

n 

ia 

odd . 

i^(t)  and  obrlouely  In  P  ,  except  for  a  poeltlre  normalltln^ 

factor . 


THEOREJ-I  19.1  If  .nterlor  to  D  ,  then  the  unique  euppoi 


D  I  ajad  i  are  given  reepec tlrely  by  P  ( t)  ajvd 


n(^' 


Proof .  We  give  the  pro  ;  •  or  i,  vl  th  n  2nj>l ,  an  a  typical  caae 

By  definition,  the  diterminant  .  of  the  point  x  la  zero.  Hence  an 
m+1- tuple 


p  ~  %■  ®i'  ••••  V 


eileta  vlth 


' -  -  Hk-fl^  '  ~ 

J^O  ^ 


k-0,  1, 


Lot 


-6(  >- 


in 


prt,)  -  '  p  t 


J-o 


and  define  y  In  P  by 


n 


2 _  y^t  •  t  R(t)  ^  -conjt. 


1  aQ 


Then 


Bi  m 


>0  koO 


•Iwvttlg  ttet  7  la  th«  j.  V«  sMt 


that  the  polynomlala  y  ojnd 


H 


(tl)  ar®  the  same  or,  equivalently,  thw  R(i) 


and  A  (t)  aro  tr.o  *  fir.  ot  ■  (M'-.s  ’o  a  constant  factor  ,.  Tfte  ouitrlx 


product  of  p  (as  i  r  rv  tn.itri^)  v .  th  tno  matrix  )f  2^-')  equal  to 


(0,  0,  ...,  0,  urt)!; 


hence  every  root  of  R^t)  la  a  >\  of  .L  (t).  But 


,  a(i)  +  1 


by  Theoreme  11. *7  and  ll.f^>  and  the  fact  that  ^by  hyqpothoela)  r(x)  «  n-1  -  2m. 
Thie  tella  ua  that  y  haa  m  dlatlnct  roots  boa  idee  the  root  nt  t-O,  and 
ocmaoquently  that  R''t'  has  rn  dlotlnct  roots.  Since  fd ^(t)  la,  like 
P^'t),  a  polynomial  of  m-th  degree,  It  Is  therefor#  the  same  aa  R(t)  up 
to  a  ocaaBtant  factor.  Thla  oosnpletes  the  proof. 

tlwitrii  19.1  it  rwitrlotBd  to  polaita  latBrlor  %o  or  la  ttn 

faces  these  being  just  the  pointe  whose  > Supper* ^  end 


"luvor"  Bupportlng  plane*  are  unique.  The  a^Boclated  polnte  i  and  i  .vre 

no  longer  dletlnct  If  x  !■  In  a  lovor-dlmoiiBlonal  face  of  .  [f  x  !■ 

0 

In  there  la  a  one -dliien* Iona  1  aet  of  aupportlng  hyporplanea  at 

X  ==  I  o  I,  and  the  poljmomlala  and  ^  repreaent  the  extreme  point*  of 

that  aet.  If  x  1*  In  then  tha  aupportlng  hjperplan*#  form  a  tvo- 

n—  j 

dlmonnlonal  conrex  aet  reaembllng  (aee  1  gi\re  '  ,  vhoae  extreme  point* 

conalat  of  a  curre  and  an  laolated  point.  v)ne  of  th#  tvo  polynomlaJ^  P 
ajtd  repreaent*  the  Isolated  point;  the  other  vanlahe*  Identically. 

‘^or  I  in  ^  and  lover  face*,  both  iK)lyTi  oral  alb  TBmlah  Identically. 

Am  a  corollary  to  tne  preceding  theorem,  ve  may  state: 

TKEORPJ^  IQ.2  If  1®  Interior  ^  ^ ,  tnen  alA  the  leroa  of 

cA_(t)  and  f-_(t)  are  real,  distinct,  and  Interior  to  0,1 
"  B  n  — ■*  "  ~  ~ 


Thla  result  la  also  valid  for  x,  n  •'t  Interior  to  D  ,  except 

(n-1)  ' 

that  tej*oe  may  occur  aleo  at  0  or  1,  or  one  or  both  polynoralale  may 


^'aJtlleh  identically.  Vt'  might  aleo  remark  that,  unless  they  venlah  Identically, 
the  polynumlala  alwaye  have  the  mailmum  degree  --  namely  n/2  and  (n-  2)/2 
If  n  la  even;  (n-1) /2  and  n-l' /'*’  ri  'a  odd.  * 


t 
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t::2  20.  Conatruotlon  of  distribution  funotlona . 
By  Thoorm  11.1  har»  at  coca: 


TfflCOHlM  20.1  The  point*  in  D  ^  vhloh  unique  dietrlbutlon  fuaotlooe  in 
ooiTv>«Popd  are  precieelj-  the  boundary  pointe . 


If  If  i  t  oU  oorreeponda  to  zt  D**,  then  ve  designate  by  and  ^  the 
unique  distribution  funationa  In  '  '  oorreeponding  to  the  associated  bo'undary 
points  X  and  z.  The  ftmotions  ^  and  ^  thus  agree  vlth  each  other  and 

^  fiivt  umm9, 

r'*  *■*■-.  _A  t  ,1.  ,  ^ 

n~th  MoaMnie  unless  ^  ^  ^ 


4itr«r  vitli  man  nthw  la 


TSSQBSf  20.2  If  A§  later i.or  to  D*'  them  ^  sxsi  7  art> 

arlthsetlo  distribution  functions  ▼hose  steps  occur  at  the  roots  of  P  ft) 
and  respeqtiTsXy . 


This  theoiroBi  prorldes  us  vlth  an  effect  Its  nesas  of  oons  true  ting 
distribution  functions  oorrespcsading  to  points  in  ths  mooent  spaces,  indeed^ 
stippose  first  that  x  is  In  the  boundary  of  D*',  and  take 


n  =  a(x)  ♦  1  <  n. 


Thsn  Xf  ..  is  interior  to  D®  ^ 
(n-ij 

and 

*(*) 

ie  in  the  lover  (upper) 

boundary  of  d”.  The  roots  t^  of 

K- 

P 

-n 

f^n.) 

detanaine  the  location  of 

U|M  atsf^,  sad  ^s-j||tnssr  a^tssi 

.  '  'ii 

V 

• 

1  1  Since  and  ||  dspsnd  on  n, 

as 

P 

weli 

as  on  we  atjH^ 

Jnly  we  t,nl‘!  lo*  ition  when  n 

li  55CU3  3  ion  . 

ha‘i 

'i  fi 

.  xed  value  In  f. 
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z 


1 


i>Xil  1 

/  r  t . 


1  -  0,  1, 


m 


det«rKin»a  the  Jocpa 
to  the  point  x  la  then 


Ihe  unique  dlatrlbutlon  funotlcm  corr*«pondliig 


i  -  ^.,i(t-t  ). 

,1-1  ^ 


If  the  plTen  polAt  x  la  interior  to  D  ,  then  the  va/  to  coaatruct 

4Uirlb«iUa(p^  fMMUam  (b*  •  mjs)  la  W  mm  ^ 

<«  ■  -  —  •  —  .  .  ^  ^ 

P^^j^(t)  (nalther  of  which  dapenda  on  the  laoaent)  In  conjunction  with 


Theorem  -^0..:!.  Another  conat'uction  u  ,e  o  '  the  fact  th  it  x  is  a  con¬ 


vex  cohhlnAtion  of  x  end  x;  one  can 


^rif/ 


by  means  of  end  (18.2)  that 


4 


^  V  \-2)  ^  ^.2)  f 

^  "n-2^  *  ^  ^=4-2^ 


la  a  dlatrlbutlon  function  with  the  aoaente  Xi ,  ...,  x^.  Here 

b’(/)  »  n. 

o  81  ■  Characterization  of  the  eej.  of  dlBtrlbu’lon  f';nctlona  vl th  gl  ven 
momenta . 


In  general  there  will  ba  many  dlatrlbmlon  funClme  he 'Ing  the  mrjmon  B 


.  ,  I  .  These  form  a  convex  ao  1 

n 


*0’  ^1' 

Wo  flrat  conalder  the  c  mvoi  eubeot 


n  /" 


which  w©  denote  bv 


.  I  o^  ar'.thne'lc  dl atr  I  b\i t  !  on 


f  unc  1 1 one  1 n 


■0- 


THBfOREM  ?1.1  The  extreme  291^^:®  9l  ^  thoet'  imo t i one  ^ 

b(  V  n  +  1 . 

Proof  ■  An  arbitrary  arithmetic  distribution  ^  can  bo 
represented : 

“  lI 

>1  " 


(■eo  (6.1)).  If  4  !-•  in  than  ve  Imit* 


Since  tne  t.  are  ail  diotinct,  the  raru-:  of  the  3y  >te»G  ^1,1)  is 

•  ta*  lf^wl■i1  4r  tto  tf  tuitiim 


i  “  (  C  1»  • '  ^  'b(  /)  ^  ^8  therefore 

t{4)  -  mln(b(/) ,  n^fl)  -  moc  (0,  b(/)  -  n-1)  . 

Imary  non-negatlre  nolutlo*  of  (21.1)  correeyondi  to  a  point  In 
The  eolutlon  oorreapondljig  to  4  Iteelf  !•  etz^otlj  positlre.  Henoe  ,  If 
it  is  not  the  onlj  solution  it  vlll  be  expressible  as  a  oonres  ooKblnatlon 
of  other  non'Be^atlre  solutions.  But  then  4  vlll  be  the  sasw  oonrex 
ooKblnatlon  of  the  oorres ponding}  points  In  \x.  Therefore,  If 
b(/)  >  nfl  then  4  te  not  extreme . 

On  the  other  hand,  an^  oonyex  representation  of  4  Qiust  Isrolre  ftmctlons 
vlth  spectra  oootalnsd  in  the  spectrum  of  4i  henoe  funotioos  oorrespoadlnc 
to  non-negatlre  solutions  of  (21.1)  .  But  if  '^{4)  <  &^1  than  the 


■olutlon  of  (21.1)  !•  imlqu*^  and  4  mtiat  oc.unaquantlj  be  ertrwne.  Tkl* 
caraplet««  th©  proof . 

THBORKM  21.2  ^  i  ^  ■  permed  hy  lie  ext  rente  polat>j  . 

Proof .  Theoreei  %1  doee  not  appXy  in  g»neml  to  Inf  lnlte-dl»en»  1  anal 
oonToi  eete.  Howrer,  It  le  clear  I'ro®  the  proof  Just  glren  that  wo  can 
•pen  any  non-extrene  4  in  ^  *  by  a  set  of  etep- functions  •eoh 
haring  aotnally  fever  jraope  then  4 ‘  nny  of  these  Is  not  ertrene,  thim 

I 

It  by  ttmtitim  tetlafl  atfll  tmmr  jtnvt.  iftsr  ft  UtAtt  llpApr 

•*  .  '  ' 

oj*  such  reductionr  we  obtiln  "i  '*1  il*  e,  convex  repre'ter.t  ioi.  of  4 

by  extrene  point  a  only, 

^  vtftli  tft  tiM  fidl  set  X  M«9  ftfUmiA  if  ' 

•eae  extrene  polnte,  making  use  of  infinite  oonvjoc  I'epreeentatlene  of  ease 
■  art.  Thle  beoonee  pezmiseible  If  we  adopt  the  seek  *  topology  in  , 

for  in  that  topology  x  le  denee  in  /  x.  (The  v  ak  ♦  topology 

on  nay  be  defined  by  the  neighborhood! 

(21.2)  F(r ,  f^,  ....  r^;  4),  i  >  0,  4  ^  h  , 

vfaere  <fj^(t)(  if  any  finite  let  of  fimotlons  cootlnuoua  on  0,lj  ;  4* 

ia  in  the  neighborhood  (21.2)  if  and  only  if 

(21.?)  I  /  'f^(t)d^'(t)  -  /  'f^(t)d^(t)|  h  .  1,  ...,m,) 

I  o  o 

In  fact,  oonaider  a  fixed  nelghbor’vood  (21.2)  of  a  fixed  4  i®  *' 
and  choose  a  set  of  polynomials  satisfying 
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IV‘)  -  ^/2,  el},  t  .  ,0,li 


h  m  X,  . . . ,  a. 


Thm  ooMitruot  e 


1a 


vlth  mraimti  Mtlaf/lnK 


^  •••»  nuut  •*•» 


¥h«rt  !•  d#^Z*90  of 

/V(t)d^'(t)  .  /"r  (t!d^(t)  h  -  1,  ...,m, 

o  o 

it  la  aTldaat  that  thla  aatisflM  '21. 3).  It  follova  that  ^ 

la  vaak  *  daoaa  1*.  I  x.  Thla  proraa: 


v^) 


Since 


aWRBM  21.5  Ig  .fMP^  la  JUie  jgak  »  ^  ^  gS^£W! 

polmta  ^  ^^1  X. 

For  tba  apaoial  oaaa  thla  thaoraa  daaorlbaa  bov  la  apaiaad 

'hj  tba  p«ra  dlatrlhutloa  fiMatioMi  I(t>t')^  ^  5  ^  aanticpld 

Im  ^6, 


,X^«rtyli|lM_jropa.rtY  of  f^tlgua  is  i  |_i/ 


THWHW  22.1  ^  4  si^  4'  ara  dlatlaot  fqnatlaoa  In  thaa 


^(t)  -  ^(t)  - 


baa  at  lata t  a  »im  abaMaa  ]j|  '0,l! 


or  Into  The  unlquo  roproaontatloiu  In  tbo  MjAkur  ••ta 

— n  n 

go  Into  ■minlaal^  roprooentatlom  In  C^,  inTolrliig  eocaotlj  h'  ■  (n^)/2 
extme  point* .  S&oh  x  in  has  prooiaal/  tvo  rush  Mlmlwil  rvfsv- 
■entatiotw,  fomaUjr  Idontlo&l  vith  tho  roproaantatlan*  of  tk»  InTorao  lae^M 

3(wk)  “*  *(wk)  ^ 

Conaiderin^  tha  prroof  of  the  pracadlng  theoraa,  vb  oan  tharofoi-o 
&«aart: 

THEORS^l  1\ .  8  Tho  intortor  of  ^  avapt  put  ^  jya  a-pnrwwtar 
faaillj  of  ( a -1) -(U>MMiooal  alaplegoa  '  *  and,  ^  a  dJiYtnwt  ynjr, 
hj  M  (b“1)  -tartawitor  .TaMlly  of  M-dlnantiooaJL  £1  *,  Tha  Interior 

of  la  avajei  ©jt  ^  dlffa^  ^ai;  hj  «-JggS«^  tmW^^  Si  »■ 

diniainnal  qlniXaqwa 


Ve  ahall  mako  uaa  of  this  parMotrlzotlon  In  ^  1^. 


osmiR  m 


mt  SBCPUEISS  3®  AHD  B® 


Tb*  Aoasnt  iipaoo  D®  axid  ita  duAl  P®  &re  clMoVj  to  » 

pair  of  dual  sljtploxaa,  vlth  vhooo  aid  vo  aro  ablo  to  goonotrlso  MW 
olaMloal  proportloa  of  acnont  ao^aaaioea  and  poaltlra  pol^waiala.  Tha  ‘ 
flrrt  Blaplaot,  oiromaorllod  about  D®,  la  daflaad  'bj  Ita  Tortloaa 
k  •*  0,  1,  . . . .  n,  vlth 


kUjtili 

ftirk-l) 


vhora,  aa  uaual,  l/(k-i^  1-  (J)  -  0  if  1>K.  Dlapiajad  as  a  aatrlx^' 
thaaa  coordlnatoa  are; 


.  .  0 


(  :m) 


2-1 


1  1 


.  .  0 


, .  1 


We  ahall  danota  thla  a  Implex  by  S®.  Figure  12.1  tboea  8* 


•i««.  ..•’1 


■'.-'I 


m 


f  t^3  *■ 


,  '•*  C  V 

I*  ■>?  . 


Th.l«  shovi  that  ib#  arti-ene  polnta  of  a 

x(t)  of  D*',  QBd  honce  that  S*'  oontalin 


To  rarlfy  the  Idantlty  (12.2)  ve  observo  that 


Tho  rlght-band  *enb«r  of  (12.2)  may  therafora  ba  vrltten 


With  tha  •ubatltutlon*  X 


k'l,  ni  «  n-l,  '12,^)  baccnai 


\  _ ■>  .  -i 

t  .* 

• 

•  *  ■  si 

1 

;  f 

V'  ^ 


■.  N'  T  "  -,  S 
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I  «.  ^ 


.# 

X  V. 


There  quantities  have  a  staple  geometric  interpretatlor..  Appl/ing 
(p.2)  to  the  righi~hanl  expression  ^hove  gives  us 


•?  < 


'(12';6) 


-  /  *  (k)  . 


n-i. 


•f 


If  ve  danot«  by  th«  mrmmntm  of  ^  vo  than  htiYo 


X  -  7^^  x(t)d/(t)  = 


,  > 


k-0 


HTi 

> 

*) 

'r' 


'iTu 


by  (12,3)  and  (12.6),  rlth 


■.M 

■ .  k’'4 


•'  Alt' 


A^>o,  n  \ 


k™0 


nk 


Thui,  tha  the  baryoantrlo  ooordiaataa  of  x  In  tha 

S  "^C*  '  •  -V  *  .  -  — 

,  '  V 

^  A.2  ■■  • 

Tuxmlac  to  tha  d«al  apMa,  v»  oowiiar  tha  ?harnrtalm”  poljBaBiatilt/^  ^ 


h5<-: 


W'’  ■  (k) 


k  •  0,  If  ••*!  u* 


(15.1) 


By  Tbaoxari  9.2  thaae  poXyacmlalg  ara,  up  ta  a  poaltlva  tmariar,  triifo  jM 
of  P*'.  IM  fact  VB  hara 


“  I  ^ 


D«notla«  tJM  point  (aal)!^  by  y 
for  Its  eoordliiatM : 


jf 

If 

(k) 


n-k 

a-k 


Vi  obtala  thP  f' 


-so- 


TIm  mtrlx  of  th«  7^^^  la  am'bctaatlAllj  ImrarM  of  tha  aatrlx  (12.1)  , 
for  w  b&ra 


(I5.2) 


(1^1  If  k  -  /  ; 
to  If  ^  i  ^  . 


( 

TIm  alaplas  apoMd  tij  tha  xval  polata  y 
oVrioualj  iaaorl'biid  la  P^.  ri^ra  15.I  IjadloAtaa 


T9  danota  bj  It  la 

tka  oonflftormticm  for 


Fig,  13. 


It  tuffioMi  to  nhov  thAt  the  x 


&nd  th«  follvvB 


It  is  noir  •TiiMt  tbAt  tbs  bjp^rplo&M  vbish  dUiisisUw  tbs 
dlMsialaoAl  faoes  of  3^  ar«  supportis^  hjrpsrpIaMs  to  as  vsll. 


tbst  la  soMS  ssoss  is  ths  isost  slosslj’  fitting  sinplsx  that  o«a  bs 
olromsorl'bsd  abovt  DuaHj,  bP  Is  sosiS  ssnss  a  —xlaal  InaavlbtA 

slapisac  in  P°.  A  prsslss  aosaii^g  to  tbsse  statsasats  viU  bs  glTib  la  tiM 


A  s lapis  oaloalatloa  alunai  that  ths  osatrolds  sf  ths  two  olaplsOMS 
sal  ars  rsspsstlTslj 


sslsotlag  tbs  orosS'Ssctloas 


Tks7  ooir2!*sspcad.  to  ths  "rootangnlc?*  distz*ilra%ilipi 


B®,  but  A  I&z^r,  poljiiAdral  bodjr,  i»or«  nearlj  fiUlsg  out  tbe  l]iteri«r 
of  P®. 


TEBCRIM  llv.l  H  7  ^  i»t*rtor  P®,  thta  for 


If  Is  B*. 


^(m)  “  ^^0'  ^1'  •••^  V 


Prttf ^  .  D«Dot«  bj  x|^|  tho  TurtloM  of  S®,  and  hwMr  alto  th* 
hypT^lMW  1*  (t*^*  oarrjlA^  th*  bondlu7  of  B.  V*  nut  akvv  th»t 


(U.l) 


^(m)  -*(2  S 


Ic  -  0,  1,  . . n 


bolda  (for  flxad  m)  If  m  la  tatan  oufflcloatlj  laitpa.  VrltiuK  ta  •  vo  hara 
for  Moh  1  «  0,  1,  ...,  n: 


bj  (12.1)  .  Aa  a  laortacM  this  ooararff^a  (ucdforml^  In  t)  to  t  .  But 
froa  ih^  h/potkaaia  aad  'ftaaoroB  ?.l,  va  ha^ra; 


7^  >  S  >  0, 

a  A  ^ 


0  <  t  <  1. 


It  follovs  that  (1^.1)  kolda  for  aaff '.>lantlj  larga  a,  aa  vaa  to  W 


8  3oa  Hauadorff  [  U]  ,  p.  22t. 
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TbfO  proof  h&a  mhtnna  that  aa  is  IJiorMLaaa  tha  rertloM  of 

t«nd  to  the  polnta  x{)i/n.)  on  C*.  The  projeotlona  of  S*  on  (n 

fixed)  fora  a  nested  •e^nemce  of  polyhedreLL,  o<mr«x  bodlee  tending  to  D^. 
Eoverer,  the  naxinini  distance  of  57^  to  D*  does  not  tend  to  tero  as  n 
increases.  For  mcaple, 

X^((c,“l)^)  -  -  (1-1^)“  ->  l/e. 

Ve  Shall  also  see  in  the  next  section  that  the  roltnee  of  3*  end  do 

not  approach  each  other  asymptotloajlj . 

O'HBOHKM  14.2  11  yen  the  sequence 

*0'  ' 

then  -  (Xq,  x^,  •  -  > ,  1§  15  3®  ^  ^  H  onlz  il  ^  ll 

in  D®  fcr  all  a. 


Proof .  This  le  eaaentiall^  the  dual  font  of  Thecreei  iV.l;  it  follows  from 
at  once  bj  iieans  of  Theoreew  12.1  and  4.5. 

Translating  these  theorenie  out  of  geometric  terainology  ve  obtain  two 
vell-fciovn  reeulte: 

I 

THBXIREW  l4 . 5  poljiKmlal  poeitire  on  o*n  he  reprsiiented  ae  a 

finite  svei  with  coef ficlenta  of  polynomials 

W")  -  I  tNi-t)"-" 


of  ■'uff iclwitlj  hifdx  . 


IHEORSM  A  n»o»amry  and  »uff ioiant  oondltloa  ijiat 


b#  the  mtjmnXB  of  aona  dlatrlbiition  ftmotlon  on  [OAj  il  that  the  aaq^neoco 
ha  "oaaplatflj  laonotonle" ,  1  .a . ,  that  tha  and  tJiair  anooaaalTe  dlfferanoaa 

/\  of  all  ordara  ha  all  aoo-nagatlra . 


The  lattar  follova  fraa  the  axpraaalon  (12.5)  ralatin^  tha  ^  to 


tha  bar]noatttrlo  ooordlnatM  of  x  in  3^^^ . 


6  15 .  Cowparlaoti  of  Toliaaaf . 

Va  nov  oaloulata  tho  B-dlBanaloaal  raloaaa  of  and  ,  to  obtain 

fxu*thar  Inal^t  into  tha  ralation  hatvaan  tha  tvo  hodlaa.  Tha  raanlt  la 
aoBMvhat  •i>acial  --  unllha  our  other  reaulta,  for  axoaiplo,  the  axtanalon  to 
memient  apaoaa  b&aad  on  tha  ganaral  finite  Intarval  a,b  |  ,  thon^h  not 

dlTfloult,  la  not  iMadlatalj  apparent.  But  va  faal  that  tha  reaiaxioahl/ 
naat  fomula  for  rol  In  tanui  of  tha  beta  and  ganaa  fuootjona  Juatlflaa 
tha  Inolualon  of  a  portion  of  the  oaloulatlon. 

THSOIIEM  l‘i.l  n-dlianaional  Toluna  of  3°  la 


Proof .  W«  colt  till*  olMMotary  oalonlation. 


OTEOKSM  15.2  The  n-dlJMMional  voXq—  of  le 

TOI  d"  .  B(k,  k)  .  IT  . 

lD-1  k>l  I  ^ 

Proof.  We  outline  the  proof  for  the  oooe  n  ■  ae-l.  By  ThOwi:«a  11. C 
ve  may  regard  the  interior  of  D*^  ae  the  p.-»dact  of  the  Interior*  of  U®  and 
T-”'  defined  by  (11. H)  and  (II.*^)  .  It  la  convenient  to  replace  0*  by 
the  unit  m-oub#  I™,  thereby  multiplying  the  rolimie  by  ml.  Thue 


vol  D®  -  /  dx.  . .  .  dx  -  ^  /  /  PI  •••  P'h  ••• 

-A  ®  ^  ^  »  1  J.  A  ^ 


V  - 


I 

J  heir.*’  the  jacobi  .ai  ::  I rans  I'oruuiMon  (11.'  with  ■  replaced  by 

1  -  I ~  ^ •  1a  calculation  yields  j 


B  B  J\-l 

J  -  TT  %  TT  !  i 

>1  'J  >2  Ir-l 


enabling  ue  to  epllt  up  the  Integral.  Thue; 


vol  1 


n 


Bl 


■-1 


■r®  <  <  J 


The  flret  Integrel.  is  l/  (2b)  .  By  a  reeult  of  Selborg  l3_  the  value  of 
the  eeGond  In 

-|y  (ac4i)  M'{2h-i) 

k>l  2  ''(2mf21r-2) 


2 


Ccra'blnlng  tlio«e  ro»ult«  jrleld*: 


1 

TOl  D 


1  ^  r(2M)  [  rf2k-l)j  ^ 

2k  r  f2m45k-2) 


F’rxjm  thia  tha  thooresa  can  be  rarlflad  dlractly,  or  by  induction  on  n.  Tha 
caae  n  «  2«  ia  treatad  alallarly. 

We  ara  nov  in  a  poaltlon  to  oonpara  the  aisas  of  S*'  and  D°,  aa  n 
Inoiraanaa .  A  raaaonabla  akoaaura  ml^t  bo  the  n-th  root  of  tha  ratio  of 
Tolmaa,  vhloh  could  ba  eipactad  to  approach  1  for  largo  n,  aran  If  the 
ratio  Itaolf  doaa  not.  HoiraTar,  it  ia  not  difficult  to  ahaw,  froo  tha 
thaoraM  ,1uat  prorad,  that 


n  a 


rol  D"  ^ 
YOl  3“/ 


.  0(2'%"/^) 


This  rarult  nakas  an  intarasting  oontrast  vlth  Thaoran  lU.2. 
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CHAPTEP  rv 


ALaEBRAIC  DESCRIPTIOir  OF  THE  MOMEIfT  SPACES 


^16.  Momont  ■»q^uenooB  and  quadratic  foraa . 

Vo  t«Ri  fir«t  to  th«  4uMiioA  of  vhothor  a  cItm  flmlto 


constitutes  the  first  n  mooont  s  of  eoma  function  In  r>  ^  —  that  la,  whether 


a  ►-’iven  point 


is  In 


X  -  (Xq, 


By  TheoroM  8.1  vo  ksTo 


fl''  .1^ 


X  -  D 


X  -  j  >  I 


r  or  all  yin  P 


(conoldorlng  flrot  th®  ovan-dlHionoloiial  caoe)  .  It  lo  o^ulrsilont,  hxjworer, 
to  hare  j  raA^  orer  Juot  the  extr'eno  point*  of  P‘  ;  thu*; 


(  ’  .2) 


X  «  P 


I'j  >  0  for  all  y  in  G 


Wo  have  seen  In  t  "3  tliat  the  polynoalnl*  of  G  all  haT#  one  or  the  other 


if  th#  tve-  forms 


P  U)  ^  or  t(l-t)  R  ,(t'  " 
ra  '  ^  '  B-l' 


( iuhncrlpte  hero  Indicate  th#  de^^roe'  ,  ''ur  thermo  re  ,  all  polymonlals  (If  .5' , 

^  ^*111 

tho  if^h  not  nocoesarlly  In  s  "  .  are  certainly  In  ‘  ,  nr  poaltlre  aultlpl## 
of  elomeot#  of  !’  .  Thus  (1'  .1  and  (1'  .?  are  equivalent  to: 


.  The  ~rlt>‘:'l  •  cf  Tleor'er.  I  , . ,  of  'our'^p,  only  to  Inflnlt 

s  e  .  u  e  I . '  e  3  . 
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X  t  D 


2a  ^ 

x>j  >  0  for  ill  y  auch  that  2 _  either  the 

v'i  »-o 

f  ‘  i*'  .^5 

1  »  1  "dL  1 T  2 

a  4or  the  fbrm  t(l-t)  )  t  ' 

^  J  'J.fT  Ms?  J  J' 


a 


<*  o 


form 


>0 


J-0 


Ellalaatia^  y  glraa  ua  finally: 


X  <:=^ 


■  H 


>0  'r-O 


«il  (a^,  . . .,  c^) ,  and 


a-l  m-1 


1**0  k:»0 


'^0'  ’••'  ' 


Ve  thua  hare  the  vell-tawn  raault'*^; 

TSBOHKM  l6.1a  A  nap  at  ary  aad  a\tff  lolaant  condition  that  i  ^  a  j^ipt  of 

D  ^  that  tifv  quadratic  foiaa; 

ta  y^altlra  daf  lalta  or  aaaldaf Inlta . 

In  an  aaaJLogoua  manner  ve  mny  oa tab II ah; 

THEOREM  l6.1b  ^  geceaaarj  and  auff Ictent  condition  that  i  ^  a  point  of 

D  jlj  that  the  quadimtlc  forma : 


)  0  See  for  arample  Shohat  and  Tamaxkln  L2 


P. 


-‘)Q- 


n 


J,k»0 


ODd 


j^o 


poiltlve  daf inlt«  or  aapildef Inlta . 

The  proof  of  tha  next  th©or«a  follova  tha  sane  llnac  aa  above,  making 
uaa  of  ThaoraBi 

1'  .2  A  nac eaaary  and  auff  Iclent  condition  that  i  ^  5S  Intartor 
point  of  _le  that  the  q.ua.drRtjc  fome  of  Thaor—  I'^.La  or  L6.1b  (yhicherar 

applies )  poai ti TO  daf ini te  . 


,  1  .  The  dstermlnante 


m 


and  their  relation  to  the  faces  of  Li*. 


We  nov  introduce  a  special  notation  for  the  "Hankel"  determinants 
associated  with  the  quadratic  foroui  of  the  Isst  ssotioa: 


1  X, 


—  2k 


^  ^^1 


X. 


2h 


•  \+l 


—  2k+l 


\^2 


2k +1 
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.  I 

I 

I 

\  ■  ^4.1  *'•  ’2k-r*2k  i 


A 


2t+l  ” 


;  1  -  ^  ^  •••  \  -  Vl 

I 

i 

I  • 

I 

j  \“\-»>l  •'*  ^‘2k'*2k4-l 


Tha  Bubaoript*  bar*  b^an  v.hoB«n  bo  aj  to  Indicate  the  hlgheBv  mcBierat  occurring 
In  eaoh  dBtciminJLnt .  The  upper  and  lover  bare  vlll  be  eejn  In  dua  ooutbo  to 
agree  vlth  our  preTloua  unage. 


n.l  ItJCK-i 


17.1 


h  a>OM><ury  nnd  Buff lolant  condl tlon  that  the  quadratic  form 


n 


1 1 

be  positlv**  definite  Is  that  the  n  rst  prlnclp  A  alt.cjrs  ll  s  aj amet  ric 
matrjjc  AI  be  pos  it  ive  . 


.  HJ 

I 

Hote .  3y  the  "flrBt  prlnclpa  minor*"  of  an  army  such  as  the  matrlr 
of  glTBn  above,  vo  mean  the  k-fl  aubdetermlnanta  .... 

For  a  p'.'oof  of  thle  Btandniri  result,  see  for  example  Ferrer  lU  , 


P««B  1^8. 
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THEOKEM  17 .2  Th»  point  x  ^  intortor  ^  If  and  only  Xf  dll  of  tha 


d«"^x»lnaaUi 


^17.1) 


A^»  Aj 


Proof .  By  Thoortun*  l6.2  ana  l''.l  x  !•  Interior  to  U  tf  aavl  only 


2»  ^ -n-2^  «tc . ,  are  poaltlr*.  It  caly  rwaalno  to  rmnjrl^ 


that  If  X  la  Interior  to  D  ,  then  the  pv-)Lnt 


*(n-l)  “  ^^0'  ^n-1^ 

la  nocoiBarlly  Interior  to  D®  and  the  Ihe^/rm  follov*  at  otjce. 

a  — n 

Nov  eeppoee  that  x  le  In  the  bo-indary  oT  D  —  eay  In  tha  face 
(seo  '5 II)  .  It  follove  xhat  Interior  to  »r>  all 

hut  the  laat  tvo  detemlnants  (l'’.l)  are  neceeearlljr  poaltlre,  and  one  of  thec-e 
iait  tvo  auet  ranieh.  Since  the  polynoelal  2_  aeeoolated  vlth  the 

unique  eupportln^  hyperplane  y(  1  at  i  haa  a  iX>ot  at  t-1,  ve  can  eeo 
that  the  eeoond  quadratic  form  of  Theorv,  .16.1  (a  or  h)  le  poeltlTo  eeeil- 
deflnlte,  while  the  flret  foms  li  eaelly  eU.  .  -  to  be  ptwjltlre  definite.  Hence 


>  0, 


f  I  had  been  la  the  face  ^  the  upper  and  lower  bare  would  have  Dean 


roTereed . 


Applying  the  •aao  argiMUt  to  the  lovsr-dlmen*  lonal  feuj*8  glr*®  ujb 


the  follovln^  cheiract«rltatlon  thaorca  for  the  a-fao*a  of  D 


THECRKM  1'  .5  The  point  xt:V^  ll  ^  If  and  oalj  If 


^0'  ^'0*  —1^  •••'  —a'  ^^a'  —  ^a-fl 


flie  poaltlre  and 


-^+1  —  ^  a-^2*  * 


•  r  ^ — '  -  f  (— 


r. 


are  ITO .  SlmllArly  *  If  ^  H  £BAI 


,  /i.,  Zi,,  71,,  71  ,  and 

0'  — '  — a  a  — a-*-! 


art  poeitlTt  aad 


r 

‘  ‘a^l 


554  ^+2- 


• ;  > 


n 


AT?  ifI5' 

All  of  the  dttonuinanta  of  Index  a'f2  and  hlghtr  Tanlah  becaue© 

of  tha  fact  that  1«  contained  In  the  cloeurot  of  both  and  , 

a  —mm 

for  a  <  ■  <  n.  (Ste  (1..  .6))  . 

It  it  Mtentlal  hero  to  tpecirj  that  x  be  In  r^,  becauee  the 
ax»aloguet  of  Thtortnt  1'  .2  and  1  .1  for  non-negatlre  determlnanta  do  no"* 
hold.  ?or  an  llluatratlrt  txa»^le,  aee  Wldder  1  9  |  ,  pages 


.f,2- 
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^  I'".  Tho  lover  and  upp«r  boundArlea  of  D° . 

^  to  K«rn  glvt»i  ti*  a  particular  tbIiw  for  tho  n-th 

mcBwnt  aj  a  ^imctlon  of  the  pr*cedli\^  moanenta  .  Wo  naj  vrlte  thlo  relatlon- 
•hlp  In  th*  ooanpeict  fora: 


I  «  I 


n 


-2 


/ 


vhloh  !■  aotually  independent  of 
ve  seo  that 

^  1')  .2)  X  I  4 

n  n 


aa  It  ehould  he. 


'-n 


rn  almalnr  faahlon, 


1*  tho  mluo  for  the  n-th  mooent  that  inakea  7^  ranlah, 

n 


For  anjr  point  x  In  D  v«  can  define  the  tvaaoolated  points 


-  “  ^^0’  ■  ^a-l’  *n' 

; "  Xq.  vi'  V- 

rinco  ve  alvajra  hare 

I  <  X  <  I 

-"n  -  n  -  n 

vn  can  Interpret  x  and  i  aa  the  projectlona  "dovnvard"  and  "apieard" 
of  I  on  the  boundary  o'’  p” . 

Inco,  morecror,  vg  alvnje  have  by  Thoorera  l 

x  cloaure  of  , 

—  -n-1 

—  — n 

X  “  closure  of  C  ,  , 


we  shall  refer  to  these  tvo  closed  sets  ae  respectlrely  the  lover  and  upper 
boundaries  of  D®. 


C1.\PTKP  V 


DISTRIBUTIONS  OIYEK 


^19.  The  polyntmlale  (t)  aad  • 


Our  next  teek  rill  be  to  find  out  vhat  onn  be  oald  about  the  dletrl- 
butlon  funotloaa  rhloh  ^re  rlee  to  a  given  point  x  of  D°.  tfo  flret 
need  an  explicit  form  for  the  hjperpLanea  vhloh  euppoi^  at  the  aeeoclated 

upper  and  lover  boundary  point*  i  and  i  (eee  ^  li.)  ,  trls  for*  le  pro- 
vi  led  by  the  follovlng  polynomlalj ,  oloeely  related  to  the  detemlnante 


and 


B 


of  ^  1  ' 


We  define: 


Vi 


1 

t 


\ 


^?k-l 


rt^  - 


1 

t 


\4-l 


^1  '■  ^2 


/  ( t 


I  “X  t 

nt-2  *2k-l 


k-l 


2M 


(*-) 


1  -  ^  ^ 


\-l  '  \  ^ 

t 


^2k-l'^2>:  ^ 


<i0  further  define; 


P  (tl 

-n 


H^(t) 


^(t'  " 

*~ha' 

If 

n 

li 

rren 

^ — n 

«  r 

n 

la 

odd  ; 

t'l-t'  (t)  - 

n 

If 

n 

It 

exen 

(1-t;  (t) 

'  '  n 

If 

n 

1  0 

odd  . 

>>^(t)  and  MTluue'v  in  P  ,  except  for  a  poeltire  normall  tln4 


f  ac  tr;r . 


THEi'RE-1  I'l.l  JT  !nte rlor  ^ 


n-1 


,  then  the  unliiue  support in^ 


hype rp lane e  _t^  D  ^  i  i  tire  g'.  van  reepectlTelj  by  P  ( t)  and 


f  f 


n 


i rouf ■  We  glxe  the  pr 
By  deflnlt'on,  the  d.  termlnani 
m+l -  tuple 

P  ■ 

oilete  with 


— n 


I,  w'th  n  =  Pa4^1 ,  an  a  ty'plo&l  case, 
of  the  point  \  la  rero.  Hence  an 


3,0,,  ^ 

i  III 


i.=o 


k  »  0,  1,  ....  m. 


-  __  15  .t- 

J-0 


and  define  y  In  P  by 


Then 


I _  y.t  •  t  R(t)  ^  -conjt. 

1-0  ^ 


m  m 


>0  If* 


■W<n»f  ttftt  7  1«  th«  Mltii  nvptrtlAc  hyperplAM g.  V«  net  elwf 

that  the  ;x)IynonilaIa  y  ''nd  P  (tj)  &ro  the  same  or,  equivalently,  that  R(t) 

a:i  ,  •  t'  are  t  r  -  a-ue  Ir  u*  vi|  ♦  i  a  ~or..“t ‘-i*  ''actor  .  Ttic  riuatrlx 

..roJud  of  j  >aa  ..  r  a.  matrix)  >•  .  th  matrix  > ,■,  •  ,  is  e.)i:al  to 


(0,  0,  ...,  0,  p'tV  ; 


hence  every  root  of  P't  ig  a  root  ot 


ft)  .  But 


a(x)  -f  1 

r'  (  y)  -  — - m  *  \  /?  , 


by  Theoroiw  11. b  and  11. f  and  the  fact  that  'by  h,,p^theet«)  ft(x)  »  n-1  -  Pm. 
Thia  telle  ue  that  y  hae  m  dletlnct  r\)ot8  beelden  the  root  at  t»0,  and 
ocmeequently  that  p't  hae  m  distinct  n^ots.  ''Inoe  Pa  t)  le,  like 
Pft)  ,  n  polynomial  of  m-th  degree,  It  Is  therefore  the  same  aa  R(t)  up 
to  a  ooaatant  factor.  Thle  oompletos  the  prxjf . 

Tlwom  X9>1  mtrloWd  to  poljita  Intorlor  %o  or  Iji  lb»  (ft*!)'* 

faces  C  ,  and  ^  ,,  thiese  being  )uBt  the  points  whoee  ••^upper*^  end 

—c-i.  :i-i 


A'  ' 


thiese  being  junt  the  points  whoee 


"I'jver"  ouppoi*tlng  ploneB  are  unique.  The  a*«Lx;lat»<l  polnto  i  and  i  are 

no  longer  dletlnct  If  i  Ig  In  a  1  :)ver-d Imotta lonal  face  of  D  .  "f  J  Is 

n 

In  ^  than  there  la  a  one-d dmerLe lonal  sot  of  supporting  hjporplanes  at 

X  -  I  ^  I,  aivl  the  polynomials  and  ^  represent  the  eitrene  p<'lnte  'f 

n 

that  get.  If  I  Ig  in  then  the  supporting  hjrperplan»«  form  a  tvo- 

dlmensl  inal  conyei  sot  resembling  fsoe  "  1  gure  .?)  ,  whose  ort-one  points 

consist  of  a  curre  arwl  an  Isolated  point.  )ne  of  ths  two  polynomials 
ajsil  represents  the  Isolated  p'llnt,  the  other  '/anlshes  Identically. 

'''or  I  In  ,  and  lover  faces,  both  pol  ixomlalti  ranlsh  Identically. 

n-  4 

As  a  corolLiry  to  the  preceding  theorem,  ve  nay  state; 


TEEORi-iM  1^.?  I_f  3^^  1®  Interior  to  then  all  t^  ler^s  oT 

.  t)  and  '  are  r^l ,  d  1  s  t  Inc  t ,  Interl  or  ^  0,1 


This  result  Is  also  valid  for  i,  ,  n't  Interior  to  D  ,  except 

fn-1  ' 


that  teros  may  occur  also  at  or  1,  or  one  or  both  polynomials  auiy 


veuilth  Identically.  Vs  might  also  remark  that,  unless  they  vanish  Identically, 
the  polynomlaLs  alvays  have  the  majlniurn  degree  --  namely  n/?  and  !n-?)/2 
ir  n  is  eron ;  (n-1'/^  'tnl  n-l'  If  n  '•  odd.  * 


^20.  Conatruotlon  of  dl»trlbutlon  fuivstlcan  . 


By  Theo 


11.1  re  hare  at  cace: 


THXORIM  20.1  The  pointa  ^  D  ^  vhloh  uniqua  dlatrlButlon  fuactloi^  In 
oorrvjapond  axo  praciaelj  boundary  polnta . 


If  If  o'j  ooxTaapood*  to  Ji<-  than  ve  doalgnate  by  and  ^ 

( 

unique  dlatrlbution  fxmotlooa  In  ‘  ’  oorrrapondlng  to  the  aaaoclated  boundary 
points  X  euad  x.  The  functions  ^  and  7  thus  a^rse  vlth  each  other  and 

Vim  i  im  liwir  riivt  a-x  mmrnU,  M  liffr?  vHH  Mvk  vtlHr  i»  mtUr 


n-th  noMnis  unless  ^  ^  *  4* 


I  1 


% 

d  ■ 


TSKOBB!  20.2  IT  Jj  Interior  to  than  ^  7  are 

arlthnetlo  distrlbutlcm  funotions  rhoss  steps  occur  at  the  roots  of  P  f  t'' 

— -  - -  —  -n 


and  P^(t)  reri>sotl  rely  ■ 


This  thsoreia  prorides  us  rlth  an  effect  Ire  aesns  of  oonstniotin^j 
distribution  functions  oorreeposallng  to  points  In  the  mcment  spaces,  indeed, 
suppose  first  that  x  Is  In  the  boundary  or  and  tal:e 

a  =  afx)  ♦  1  <  n. 


Then  Interior  to  D*  ^  and  1-O'wer'  (ripi>er) 


boundary  of  D® .  The  roots  t ,  of 

the  stsfs,  sad  ms-^1nesr  sjatssi 


(P  )  detemlae  the  location  of 


1  ’ 


Since  and  ^  depend  on  n,  as  '^ell  as  on  we  e 

jnly  i.  e  ‘ni-i  lo*  ition  il.en  :i  .f.'\  s  i  llxpd  v^l'ie  i'  '  ' 


-6o- 


:  .t, 


1-0,1,  .  .  .  ,  m 


.1  ' 


det«r»in»«  the  J'anp*  I  -•  'Tho  itnlque  dlatrlbutlon  function  corr««pond In^ 

sJ 


to  th©  point  X  !■  than 


bjlxl 

,1-1 


If  th®  glT«a  point  X  !•  Intnrlor  to  D  ,  than  the  vny  to  conetmct 
VlAlnnl*'  diniribnUei^  fMHiUMM  (h*  -  mji)  is  W  um 

P^^l(t)  (neither  of  which  depends  on  the  noisent)  In  conjunction  with 


Theorem  .A.r'-otr.er  commI  "^ct,  i  r  c  e  o  the  f-ic*  ’.t,  .1  x  i  =?  cori- 

vex  conblnation  of  x  and  x;  one  cmi^erif/  by  moans  of  (iii.i)  «iixl  that 


4 


(V 


'n-2 


le  a  distribution  function  irlth  the  acnsnts  1,  ,  ...,  x^.  Here 

b'(/)  -  n. 

1_.  Chnracterlzat.  1  ?n  of  thf'  oot  _of_^Btrl_bu’ Ion  f'  nc_tl  uw  vl_t>,  von 
m monte  . 

In  general  there  will  bo  m/m;  dletrlb  r  1  )n  *’ .oc '  I  ine  ..avln^  the  mxaon'e 


X  ,  I, ,  .  ,  X  .  Those  f )nn  a  convex  ee  !n  <  '  which  wo  denote  1 

■  1'  n 


Wo  ‘'Irst  conelder  the  c  )nvoi  eubeet 


unr  t  one  .  n 


X  0^  ar'.'hjT’e'lr  d  1  atr !  Tm ‘  ' m 


0 


THK<TRI>1  ?1.1  The  poin^ta  i  ar?  Lhoee  :~imct!  jna  4  vlth 

b '  ^ )  V  n  +  1  . 


Proof.  /\n  arbitrary  arithmetic  dletrlbutljn  '/  can  bo 
reproaented ; 


'=1 


(■oe  (6.1)).  If  4  i*  In  A  *  then  ve  here 


(a.i) 


,1 

1»  ■  > 


i  Ij  ’  * ’ -t  ®1* 


t  . 


jince  tne  t^  are  til  liotinct,  tne  rHi>:  cl’  ti'o  3)  <le*r,  it 

JlfltlCkllAi  »«1) .  fiM  If— llwi  «C  IM  — Ifill  •f 

J  •  (  ^  therefore 


b(/)  -  *lja(b(/)  ,  n>l)  -  max  (0,  hf/)  -  n-1)  . 


Y 

iTery  non-negatlre  eolutloe  of  (21.1)  oorroeponde  to  a  point  In 
The  solution  oorrespondln^  to  4  Itself  !■  strlotlj  posltlre.  Henoe,  if 
It  Is  not  the  only  solution  It  will  be  expressible  as  a  conreoi  oonblnntlon 
of  other  non-ne^atira  solutions.  But  then  4  vlll  be  the  saaw  oonTex 
oonbinatlon  of  the  oorrespond tn^  points  In  x5^|X.  Therefore,  If 
b(/)  >  XM-1  then  4  *wt  extreme. 

On  the  other  hand,  any  oonvox  representation  of  4  must  InTolre  fonotlons 
with  speotra  oontained  in  the  spectrum  of  4\  henoe  fuzsotions  oorrespondin^ 
to  non-negatlre  solutions  of  (21.1)  .  But  if  b(fr)  v  n^l  thsn  ths 


-'T.- 


■olutlon  of  !•  unlqui^  ancJ  4  oc  b«  eitrme .  Thl* 

ccanplet#*  the  proof. 

THJ50RSM  21.?  ^  ■petmed  ^  l_t£  oxtroae  polnU . 

Proof.  Th^orm  ’^.l  doe>«  not  nppl:.  In  to  Inf lnlt«-dl»on»lan»JI 

oonrex  letJi.  HoireTer,  It  la  clear  from  the  proof  Juat  glren  thmt  vo  can 
•pem  any  non*«rtrie  4  a  ^  by  a  set  of  st^p-functioaii  •noh 

tK 

haring  aotnallj  fsirer  ^*np«  tlian  4-  of  tluwe  Is  not  •xtrsc*,  tjwn 

I 

wt.rsflAO*  it  by  fMHtlaot  ctill  Umw  J«qp«.  After  a  fMte  tepMr 

of*  such  rpdu''Mons  we  ohl  vln  i  '■lil'fs,  .  .nvf  x  .-e;  ueMpr-.t  nt  i  of  c 

by  extreme  points  only, 

OM  sljjM  vfigk  te  r««BLM  tiM  fiU  sAt  ^  |  x 'm  tetef  Tjwiil  V  ^ 

MOM  9ztr«M  points,  making  use  of  Infinite  oonYjx  x'spressntstlsns  of  sons 
Sort.  This  beooMSS  permissible  if  ve  adopt  the  wmk  *  topology  in  , 

for  in  that  to  >ology  x  is  dense  In  x.  (The  v  ak  ♦  topology 

cm  may  be  defined  by  the  neighborhoods 

(?1^)  i:('  ,  f„:  .  “  >  0,  4  , 

vhere  “V  finite  let  of  functions  ccmtlnuoue  on  0,1  ;  4' 

la  In  the  neighborhood  (21.2)  if  and  only  if 

(21.5)  /  ‘f^(t)d^'(t)  -  /'f^(t)d^(t)  <•  h  .  1,  ...,  m.) 

I  o  0 

In  fact,  oonsider  a  flxe>*.  neighborhood  (21.2)  of  a  fixed  4  1®  '  ' 

aivl  ohoose  a  set  Id  of  polynomlale  satisfying 


-72- 


f^(t)  <  72,  all  t  ^  0,1  ,  h- 

Th<m  ooMtrmt  &  in  '  \  lx  vlth  Aciumta  Mtlafjlnf 

A 

-  ^^ii)  1  "  0,  1,  ...,  awt  (d^,  ...,  d^,  a) 

h  “  3 ,  • • • f 

It  follow*  that 

A' 

6  I 

TfflPORKM  21.5  A  ,  X  iJ  apajaaod  Uw  vteJc  •  togoXogy  ^  tytrw** 
ggl^t*  of  a\  »• 

For  th*  apooial  oa««  np*0  till* 

V  pvr*  distrthutloa  f*n*tloMi 
iB  s6, 

)att«r»yUlllC  proptx^  of 

TSfClRDt  22.1  ^4  4'  H3  fwwtlpo*  iB  |  s,  thm  Xb^ 

mrrtrifii 

i|/Ct)  .  ^(t)  -  ^'{t) 


thcorm  d**orlb«*  hoY  1*  apmaMd 

I(t-t'),  0  <  t'  <  1,  a* 


vh*r*  !•  tho 

/'R^(t)dy7t)  -  /  'Rj^(t'd^(t) 

0  o 

It  1*  «Tld«Bt  that  thl*  •atlaflaa  (21.5). 

1*  T—k  *  dooM  1_  /^\  X.  This  proTwa: 


d*®ro«  of  •  Slnoa 


h*4i  at  1—t 


•  0  that  -  'b'(7)  -  11/2 


dlatlBot  froa  4 >  axuit  11«  In  C  .  , 

11“  i 

(Thaarai  11.6)  .  Hnaa  4  ~  £  4  ~  ^  hBi^n  at  Boat  n-1  «i(n  ohaa^paa. 

£j  Mt  4  Bxm  mix  in  |  «  >7  ^  pva^adJjai  thaoraK, 

tharaforc,  4  ~  4.  4  -  ^  at  leaijt  n-1  tslgn  ct'uirv:e8.  This 

c,mpiPt,e;  'nr  ,r'Ov)r. 

is  I  ;art,l'..^ar  z!x>e  of  rheoreTi  we  ,•.  .ve: 

«aNj»,5  u:  i  Mg  7  M  IMg  >p»Qfam  tm  ttrt^ 

li^  i»  .0,1,  .  sfeg  itJg  ^  sL  ii^)  lig  l(^)  j[£i 

0  <  i  <  1  lya  *l«o  ftrlotly  latarloolclan  jj|  jO,l| 

TIm  faartlaM  £  nad  ^  ocntrol  la  a  eartala  b«m«  tha  aba^  of  tha 
atkar  ftaotiaaa  in  tha  |p*«.ph  of  aaoh  /(t)  ■oat  oraaa 

rrarj  *Wf  of  hath  ^(t)  aivi  ^(t)  (aaa  Ti^pira  2t.l)  . 


CB.\PTER  TL 


APPLICATIOl  TO  OMOOONAL  P0T.T?K)MIAL3 


.  Q  rthogPoaXl  t j  of  tho  • 

TBJtOHlM  2*^.1  OlTwa  4  iB  irlth  th«  laonKctj  x^;  •••, 

Xhmn  tea  rytaa  of  pol/noatlalji  ,  (t)  ,  y-O,  1. ,  U  orthogonal 

vlth  r— ]CH>qt  to  tha  valght  fimotlon  4;^(t)  ,  thus  : 


(2^.1)  /  ‘  “0  for  k  ^  . 

o 

US«k« 

orthoggOAl  with  rypaot  to  tdf^'t),  t(l-t)d^(t),  and  fl-t)df((t), 

£Se£i2llS!k- 


*roof'«  It  la  only  naoaaaary  to  obaarra  that 


(s?.*)  y  t' . 


Vi 


*a-i  \*i 


-  0 


for  L  <  k.  Tha  thrao  othar  oaaao  irork  out  aijailarly, 

Tha  four  ajstaaM  ara  not  orthoaonaal  om  thaj  atand.  Va  hava  irataadj 


i. 


(23.,^) 


-"6- 


/ 

o 


‘  2k-2 


(t)  t(l-t)d^(t) 


'2k+?  2)[' 


/ 


(t)  (1-t  ii^(t) 


2k>l^'21c-l' 


!;*Ks 


as  a  simple  c4Lculatlon  eaplojing  the  ort hogonaiity  ’onfirEB. 

!■>  r'''-.!.  •  .’.-i'  •  ■  '  c.:  Orth  <gL  :.  il  sj-^'erc  wit.’i  resp^’v't  1 1'  a 


p,lYen  weight  fu^tlon  is  substantially  unique.  "  Hence  all  of  t 


he  classical 


t 


•'A*. 


(wfittvA  to  tlM  imUmX  >0,lj  )  on  W  meptwmA  Vj  mm  o(f  ' 

tho  polyiKmiai^  Thoorom  IQ.^,  wa  oaa  identify  thaoa  poly- 

maalmla  iltli  th#  hypoiTplaaoi  vhloh  ouppoi-t  th*  erwi-dlaonolonal  moaient 
•paoM  at  tJie  lover  bonadary  point*  a*eoclated  'rlih  ike  moneat  point*  of 
th*  giTM  velght  function.  Of  cour*e,  any  on»  of  tk*  thr**  other  ■yBt«a* 
of  Theoren  2^.1  oan  aliio  b*  used  If  v*  adapt  tk*  weight  fiaiotlon  in  tka 
fpoper  enjr,  tUm  prorld**  n  f««wtrl*al  aqpfroMh  to  tte  tk*ciTy  of  ortlR»- 
gonal  polynonlaia  which  we  shall  illuetrate  ^  the  next  two  eoctlona, 
eOil  leveiop  aoro  fully  in  a  future  paper. 

If  tk»  ftMotm  14  arltlHvtU,  tlMi  ortkoiMM)  •y«t—  vf  ^ 

Theoren  ?5.1  ere  all  finli*,  ainoe  all  of  th*  /.  -polynomial*  ere  idecntl- 
oally  tero  Viyead  a  certain  point  i eee  ,  17)  •  If,  conrereely,  *(n)  ^ 

Ixtoz^or  to  0*^  for  every  n,  all  four  ayeten*  are  infinite.  ?or  th* 
reaalnder  of  tkl*  chapter  ee  ahnll  be  oonoemed  vlth  the  finite  case^ 


V*  ahall  refer  to  the  ayeteBM 

1  .L,  Sea  Szego  '  10  ,  ,  p .  ^5 . 


ft)  *  ‘  ”2^4-2^^^ 


or 
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^  a#>ooia^,  ■!  noe  It  can  ba  shovn  that  thaj 
§n«rallz«  tba  olasaioal  aaaoclatad  ajatana  that  arlaa  frcai  a  dlffarantlal 
a^aatloo.  Corraapondlnc  i>ol7aaoiiala  in  aaaoolatad  ajataoa  hara  Intarlaohln^ 
aata  of  roota: 


tHKKKM  25.2  Tha  rpota  of  a  -poImolaLla  art  raal  and  dlatlaot . 
Batraan  arery  two  ropta  of  Ilaa  a  root  of  ^||(^)»  and  oonraraplj 

(n  aTan  or  odd)  . 


Proof.  By  ThaoraaM  I9.2,  20.1,  axid  22.5. 

^2^  Saparatlom  of  roota.  Chriatoffal  mawhara. 

In  vorhln#^  vlth  a  flBlta  aaipiant  ^{t) ,  (n  are*) 

of  an  oz*tho^SOBal  ayataai,  ire  aay  oaa  tha  iralght  funotloiaa  d^,  d|(,  and 

latarahangwhly ,  alnoa  thalr  flrat  n-1  moBaata  a^raa.  Thla  alaple 
faiat  eai^laa  «a  to  prora  aaally  aoaa  of  tha  ataaaiard  propartlaa  of  ortho- 
9a*al  poIyBoad.aIa .  Va  glra  hara  tvo  axaaiplaa . 


THRORIM  2^.1  Thara  la  a  root  of  hataaao  ararj  pair  of 

roota  of  ^(t) ;  alnllarlj  for  ‘ 

^£SSl-  It  auffioaa  to  oomaidar  ^2(^)1  n  -  2*, 

alaoa  tha  other  oaaaa  can  ha  put  into  thla  foni  by  ohan^ag  tha  vai^t 
fnaatlcn.  Conatroot  a  polynoadal  F(t)  of  dacraa  m  >  2  vhlah  mnlahaa 
roota  of  ^  (t)  osKoapt  a  ooaaaoutlra  pair 


at  all  B 


ti ,  t2  .  Than 


4„.r(S)  ♦  ■  jT-'V 


I  'k(»)  = 

0 

vlioi*o  1  ^  ^  ^  P  ^  ^  J^P*  ■t#p-f\mc tlon  ^  at 

and  t^.  But  th«  lnt«gfral  Tanl*h©«,  by  P5-2}  .  Al*o,  / 

\  ^(t^)  haT-'  lllio  ilgnc,  and  «lpo  not  ^«ro.  Tharefor©  ^(t)  muat 

changa  algn  betvoan  and  t^,  oa  vaa  to  bf>  ahoim. 

The  Chrlatoff el  nunbam  of  a  distribution  function  4,  relatlTc  to 
a  fljced  n  ■=  Pm,  may  be  defined: 


^  rS^‘ 

■>  ■  !  L'  (t,V(t-t 

o  -  n'  J'  '  J 


J  “  1  ;  •  •  •  >  ®  > 


vhera  t,  ora  tha  root*  of  (t)  .  (CoenpeLra  5r©gc  ID  ,  pp. 

j  -n  '  - 

If  ve  i*aplAoa  by  In  tli_la  formula,  va  ■#•  that  /  ^  la  axaotly  tha 
Jmp  of  ^  at  tj: 


(24.1) 


Aj  ■  i(tj)  -  -  0)  . 


If  H(t)  la  any  polyno«lal  of  degraa  n-1  or  laaa,  va  hara  at  onoa; 


/  P(t)d^(t)  -  f  R(t)d^(t) 


Si'AV 


—  the  Crauao- Jaoool  quadrature  formula. 


Q- 


THEOREM  2U  .2  JJ  ,  . . . ,  arc  the  roota  of  ,  then  there  eilete 

SB  ipterlookJ-n^  eet  ,  . . . ,  u^_ ^ 

^ . 

■uch  that 


/(U  )  >  , _  /  >  ^(U  -O';  . 

J  ^-1  ^ 

Proof .  Fnat  (24.1)  v«  obtain 

^(u)  “  ^  for  t ,  <  u 


The  preeent  theoren  le  therefore  eoeentlallj  a  reetateiaafnt  of  Theorem 
22.2,  re^pardlag  the  IntertwlxLlni^  of  ^  and 


geometry  of  thie  Fchebycheff  polynomials. 

Throughout  thin  3ecti''ri  the  'isterl3k  f «)  will  identify  quiuitltie^ 
derived  frc:>m  the  p.-irtifuiar  iistribution  function  h  -  'defined  by 


s/ 


t 


Its  moments  are  rea;iily  calculated  by  mear.s  of  the  leta  function;  tne 
K-th  moment  ie 


?k-l 


K- 


x#>  , 

K-a 


(25.1, 


IK  -Ik 


t '  ‘  ^  aaed  or, 

x'K  '/ 


The  orthoj?or:al  t  ana 

are  ’he  so-callel  Tch.eLycr.eff  pulyr.omi ai s  of  tr,e  first  and  oecond 
Kir.is,  resy  ect,  i vely  ;  we  hive; 


const .  '.-R  t 


cos  K(-^, 


cor.st.  :,ti 

.  t 


sin  Kv? 
3  i  r."  to 


where  W  -  'C3  ‘*'(.1-1^.  Tre  ny stems 


.•  R  ~  ■  and 

— i  ' 


.  ,  ( t ; 

^  r.  J. 


tna^ei  on  are  the  hacotl  ■-yst<>ms  r  irjnorii'.  tenot.el  by 

11  i  1  ' 


an : 


;  we  nave ; 


CO..  St.  R  ,  t, 
— r.  *  1 


const .  tfi  , ^  t  , 

•  r.  ♦  a 


COS  . 

- ^  f  (  — —  . 

cos ( w  ... 


sin 

— siir^T' 


These  polynomials,  wher.  viewel  as  so}  port!  .n»'  hyf)e  rfilanefi  to  the  moment 
sjaces,  display  a  numt>er  of  Int.erestln^  ^eorcetrlcai  projertles. 


Tr.r.!th>;  ^>.1 

r'or  each  n 

,  the 

hyperpianes  sup-p>crtinx 

T'  at 

aiid  x** 

are  ; a ral lei 

;  tt.is 

;  ropei'ty  de  tenrd i.es  p' 

uniquely . 

!;e.nce , 

xo  -  X  a 

is  t r , e 

tt-h  of  ii,  tne  X 

di rect ion . 

■  roof .  iaralielity  of  *  --.e  lower  an;  uf  ;  er  •^upforti  ry,  f.yperplar.es 


is  e^ulvaler.t  to  the  relatior; 


■  ■ai- 


c  /  '  , 

n  n  n  ’ 


being  some  const.vnt.  Thus, 


( n  even]: , 

( u  odd ; . 

I  f  we  take  x  -  we  find  that  all  four  derivatives  in  (cS.m)  are 
proportional  to  sin  nW/sin  Q.  This  establishes  the  first  assertion 
of  the  th.eorem.  The  uniqueness  cau.  te  shown  geometrically.  Juppose 
that  some  poirit  x'  had  the  parallel  property,  with  _xl»  different 

from  X*,  x*.  Then,  c  loarly ,  we  would  have  x'  -  x'  -  xs  -  x«,  and  thie 
parallel  segments  (x',  x«)  and  (x',  x' )  would  lie  in  the  boundary  of 
D^.  But  this  is  impossible,  since  a  straight  segment  in  the  upper 
boundary  of  can  terainato  only  when  it  reaches  the  lower  boundary, 

and  vice  versa.  Hence  the  only  points  in  with  the  parallel  property 

are  those  whose  first  n-1  coordinates  agree  with  x^- .  By  Theorem  b.ip 
is  uniquely  determined. 

It  is  instructive  tu  estibllsh  tne  uniqueness  lIso  ms  i.ns  of  t.'" 
identities  let  us  cunsiier  the  even  ca.se,  n  -  an  i  write 

Ft  ( t  ,  lor  A  (t  I  ,  R  for  ( t  ,  to  i n  1  i c  st  e  more  ;  1  airily  the 

degrees  of  the  polynomials.  The  polynomiils  ir.  'he'.,]  Jiave  legrt^e  ..m-l  , 


jA  -t)‘ 

n 


tA  (t)^  '  ' 
— n  ' 


c  t(l-t]A  't]'  ' 

n  ^  '  x\  ‘ 


h:.  ■  :;i'. 


V;-..  r  1*  ‘'  ve:';.’ 

i  i  '  ’  I'.  :  .e  - .  T‘*'’ r»' "p  v. 


■ 


■•}  I 

■^,-rr. 


I  I,  r. 
::>^  'm-] 


— 


:a-  X 


e  t  f'  1 : .,•  'O n .<  o '^.L  , 

a: 


4r.' 


•  ir:., 


'.  I  I 


_  '  ^  I 


•)  I 

ai- 


:n-. 


ir.  ;  are  ;u-*  lef-.f"  ; 


.  il  'M  o;  a  pair 


1  i  f  I'e  re.'.t  *  I ,  ope  rat  .  Tielr  uni  ^uene-  a  ,  i^r  ia  eviler.t 

iro:;,  l.'.r  l^ra  i  *  .'.t  CiUat, Iona  --‘  .f  .  Ttc  rchen/''.a«  ff  ;olp'n'rr.iua 

in  fact  form  complete  orthogonal  sTstems  of  eigen  fund  iorwBi.Jtor  tnese 

,  C  .  , 

operators.  'See  Szego  (  lOj  ,  p.  5V»  for  the  form  of^i(25.6)  for  the 


;ene;'  w  ,  a'Ct  i  pOiyno.Til 


T : .  o  r  fa"  .  ‘  re  .f  ;  r.  .-p  ar.pt.  r  i  ”  li  .  inp..i.y  •  . 

-1  ,r.  ;prV-  ;  •  :  ■  r  el ■  :,e  fi  ;  1  vntc  i  i .  ^  i  *  i  ;• 


■  ..I.  IJ  L'V  ,  <■ 


4.'aotv  m-t:.  ie^ree  t  "lynuni;vl;-  wit;,  tt.*'  ;;  i.Tif’  iw  i  jj  n. 


coe  t  I'ic  i  ent  ,  T  t.^^‘  ira.^t  max  i  .nuia  >l‘';.';tp  ir.  i.'.c  -a, it 


m 


interval , 


iroof.  *6  "li'iervf  t  f..it  t.'.e  iist'inc'e  in  tne  x  lirectic-.  .  r j::i  t 

-  ;i 

r 

point  X'  -  r."  to  t  te  i.yperplane  lefinei  ny  V'X  “  i  >  y’.x'  y^^, 

let 


t ' 


ra 


i-1 


a  ,t 


a  •* 

;n 


te  an  arbitriry  poiynomi  li  of  degree  m.  The  M  -'tmce  i.n  t.he  x^  iirec 

*.JT1 

tlon  froi;.  the  point  x,t,  -  (i,  t,  .  ,  ,  t‘'“\  t  >  •  i.yperpl  me  rorre  spc 

inv  tn  FL  i-’’  '^hen  1  t  a" 

"  m  m  m 


from 


■-'m 


descrlle,  the  ill  ►■x*.  poiiit,!'  uf 

•  ra 

bu;  ;  ort  •=  or  ioun  !■'  .  i'y  tt.e  i  n‘'t  the  .r 


the  ;  ro'-e.-it  tiie  rera. 


t  .ni 

b  1: 

t  i.'k'e  t 

t 

0 !’  ; 

,  .s  i  .n '  e  X  t. 

w  ^ 

i  le 

the  ty;  erj-lane 

►n 

ac;. 

iev.'  ttiib  low 

t 

1  > 

t  .',e  st  iteraent 

r.ac.n  moment  'f  la  at  ti','.-  milpoi-n  C' f  t.he  ru'.re  ferm.i' 


b\’  i  t  b  re  i  e  '  e  ^  of 


Toll  ■Ph’:  .  i  I-^r  e  m.n  n, 


^  ‘  X  -  -  x^  ♦  X*  y  ; 

t.his  I  rope;-ty  iete.mr.i  nen  6-  oni  pielv 


rojf,  H  i;  :  i;r  .‘'i  ' : ll.vt 


I'or  fac;.  r.,  wnan  i;  ,  lit-;  uccesii  v ‘■*1  y  r 


f  ‘  >  •  )  O  J 


I'.i  '  ‘  ’  'it'  tTi..-'  : t'*  •' :r. I : ;  .*•  r 


1 ;  1  .'"t'  • ' 


r  X  ^lt.  1  X’  i‘  '.Ifficull,  ;r  :t>e; 


i-  foliOws.  '.{.'One  :i  “  .i.';.  r-y  t.:»‘  :  r;  f  i  a ;  i  oi'  ^  i.’xl  7  , 


A  e  ;  ■  V  e  t.  o  n  '  e 


t '  l7^ 


Tf.‘*  rir'"’t,  of  l.'  t'.'.e  ir.vJivea  x*  ,  ‘  .'la  =>e:'3nd  x'-  .  "sir.y  tlr  .syer!  tl 

— <1  r. 

;  r^y'Tty  'f  i  talr'i  fr  :r.  >' 


:.<■  t  ' 


r:  If-:,  i,'.  l3tfrT:iiri 'nt  ^ 


u;  t  ra  '  :  a,-  .  i  1  r  <z. 


,  I  ii  I'  f'=-  r  'Ill  V  la  U,  ■  i  aa  t. 


X 


X 


; 


:e  -  ist  r-.'«  ,  for  -.e  n  .vf': 


xc  -  m+k  A-  -  .r>x- 

.  r.  :r. 


•i  s  I y  r  :  ly  L  e  vf  r  i  f  ;  <-■  1  i  r  n  .  '  .  1  ^  ' f" ,  '  ^  ‘  ^  ‘  rr  M  :r  15  l  . 


:,x  , 

M-  1 


V  1  ,  A*’  K  *  fi :  n 


m  xo  ‘A'' 


rl  H  V.  l  ■-  t.  J  t  P  'if.  W  . 


T-ir,  rOr  e  t-':. 

ur.i  y.ipjy. 


;  ■  j ;  «■  rt.  v  !  >»  I  a>  pr, ;  r. >*  3 


roo  f .  hy  i^.l_  ,  i  ■' .  ,  ir.  1  *.’.■■  ,  r^Tfi .  r..-  '  .’.r*  ore::', ,  .v"  ,r  r/f* 


.  ^  .1^ 


A« 

n 


— n 


— f  I-. 


X'  '  A 

ri  — 


..X 


A  direct,  rc.^c.'.  r'’ve  ile  t.’.  it  A' 


.£  fi'iC 

—1 


;  t  !A  L 1  O'a  : 


by  inivicflon  th'it  A|^  °  for  any  n.  Conv-^riely,  if  rin__,'  sr*  :  le: 


1,  X,,  X  ,  ...  r.is  tr.e  I  ro;  erty  tn  it 


— n 


lor  ^‘a:;.  n,  tber. 


^‘'.1-  ,  v*it.’iout  t  :.e  ■•.i't'Ti  sr.s ,  tar“n  witb  tre  ;re:p;;r.>-  t.’^Mipen.,  e, 

t.’.it  it  rau',  t  Of  tne  moraerit  ao  juen'e  of  rff'  . 


;i' 


tows 


-cv  A- 


jE  vPTKi^  vt:i 
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^^36.  HgTorfLl  of  ti^o  mtlt  inWrral. 

Akj  ovntlxmooa ,  one-oae  treLn#formatlcm  of  11m  ftmdomaart&l  InlerrsLl 
|o,l|  onto  IndtioM  a  oorrecpoadin^  oos-one  traiMfomatlon  of  :>>- 

onto  ItMlf,  vhloh  m&j  b«  t^ooified  bj  the  r»<)air«tent  that  for  erory 
ooatlaaoM  ftMotlon  f: 

(26.1)  /'  fa)dy’(t)  «  /'  f(t')d^(t) 

o  o 

(prlJM*  deaotiag  the  traaefomed  objeote)  .  Thli  leads  in  tura  to  a  oiM>oae 
tranefomtloa  of  the  'tKyuadarj  of  D®  onto  Iteolf  (Tbeorae  20.1)  ,  vhloh  le 
a^ln  continuous.  HovsTor,  for  the  tmnefonnatlaa  to  be  vsUL-deflnod  in  the 
Interiors  of  the  eooiesit  spaces,  ve  nust  dsawnd  that  for  each  n  the  flr^t 
n  noeente  of  ^  unlquelj  detemlne  the  first  n  isoaents  of  .  In 
partlouLar, 

^2<’.2)  -  Ff  /^i(/))  ,  dll 

Setting  t)  ■  I(l-ti),  ve  hare  t)  =  T(t-tj')  and  heaoe 


Fft^) 


detenriinirv^  t:.e  fun 't,  ion  F. 


T.Ff're  fo  ,  fo!'  any 


V 

/'!(/•)  -/‘W’ 

000 


(a6.j) 


But  'rca 


.?-)  and  (2'  .3)  It  follov*  th/it 


/  t)d^ft'  -  td^  t)  for  orerj  /  In  " 

o  _ 

wnci  hence  *‘hat  7  la  Ilnoaj*.  Vo  conclude  td.’it  the  only  t  ran*  fo  mat  Ion  of 
0^1  which  produce*  a  non-trl vl cl  •yaaatrT  of  the  full  laoaient  spv’icoe  l8 

(?■  .h)  t  f  -  1  -  t, 


roTiTslat  tk*  larterml  We  slMll  dr^t«  tiM  rM%  of  tkim  ittli 

to  properties  of  this  transformatia|, 

.«  :.ive  .1* 

1 

2(  -  1  -  /'I  -  t  -  0)  , 


the  Halt  upemtlon  Indicated  by  "-o"  aei^lng  to  preeorvo  r1  pjht -continuity 
(■act  ,  (  .  By  '2'',!)  and  (26.4;  ve  hare 


1 


h*0 


Let  etaad  for  the  "d If foronco'’  BKitrli; 


n 


1, 


0,  1, 


n. 


Then  wo  have  shown : 


THEnREI<i  2fj .  1  Th»  oon*9«pondgnoe  (26 .4)  trmafonna  pol^ta  of  D°  according 


to 

'26.6)  r'  =  ^  X. 


Since  i"  «•  X,  ve  that  ^  =  This  could  also  be  Terlflod 

'  n  n 

directly . 

In  the  baryneotrlo  coordinate#  baaed  on  the  slaiplex  S*'  (loe  6  - ) ; 
''26.6)  beoooe#: 


^  nk 


n,n-k' 


0,  1, 


n. 


Thl*  follov#  directly  from  the  defining  foxmiln  (12.'))  and  the  relation: 

) 


20. 


\ 

) 


X  ' 

fi 


i 


«kl«M  Iwlii  fnr  mqr  s  la  flM  TvrtltM  of  1^  sro  thoriforo 

Intorchangod  as  follovo; 


X 


(ic)  , 


^n-k) 

X  , 


k  j,  1  .  .  . ,  n. 


The  etep-fimctlon  haying  Jimpo  of  i,  ...,  at  t^,  ...,  t  , 

roepoctl  vely,  gooo  Into  the  etep-fuaotlofn  vlth  Jaap#  of  '  at  !-♦. 

1-ti ,  reopeotlroly .  If  ve  recall  that  tho  ’"upper"  facet  of  are  thoee 

aoooclatod  vlth  Jumpo  at  t  «  1,  ve  obtain  at  oxkoe  frca  Theoreei  11.6; 

THKORIM  26.2  The  oorreepondeoce  (26 .U)  traneforiM  the  a-faof  of 


-cVv 


—a 


1'  =  i 


:;n 

-  C^ 

a' 

a 

—a' 

C  ' 

“  , 

-a' 

a 

a 

'■e,  for 

X  in 

d", 

>  t 

H  1 

-  ^ 

.  1 

L-  f 

H  1 

- 

^  ft  jj  8T»n, 


if  a  !■  odd 


if  a  !•  odd, 


If  n  !■  aran. 


■  Inoe  the  lover  and  upper  pro,)ectlon«  of  i  &r©  difttlnct  cmlj  vhen  they 
.n 


are  In  C 


n-1 ' 


In  the  polynomial  •pace  the  induced  trenefonnfttion  Is 


?(t^  ->•?'(  t)  =  P(l-t)  . 

'Renormalization  it  not  x^eoessaxy,  as  the  original  normal  1  tail  cm  (c'  .2) 
vat  sjmmxetrlo.)  We  therefore  here 


y;  -  ^ _  '-1 

h-i 


for  y  in  P^.  Let  *  stand  for  the  transpose  of  'Then  ve  >iave 

n  n 

shovn: 


THKORKM  26.5  cprres  pond  eno  e  '  2>  .^)  trtunsforms  points  of  according 


A 


-90- 


to 

-^.0)  /•  - 

THK0RQ4  26. U  I'  and  j'  aro  con.^ugata  If  and  onlj  If  x  emd  j  arts 
oonlu/tata . 

Proof .  (26.6)  and  (26.3)  give  u*: 


(26.9) 


X'  -y'  I  •  /  *T  -  !•(  *  *)^y  »  i-y. 

^  n  n  '  n'  ^ 


The  raatilt  aov  follova,  •Inco  the  linear  tranifoimatlooa  [2b. G)  and  {2(  .3) 


,n 


Turning  to  the  Mankel  det ermlnant*!  for  x,  x',  In  n  ,  we  find 

*  J .  e  1  1  o 1  n  r  1  1 1  3  r.  s ; .  i ,  : 


-21c 


^21c  ”  '^21c' 


^lc4l  " 


^2}c+l  ^4-1  ’ 


£Btfi  iii 


%lM  mtrlv 


dlract  rarlfioatioD  It  follows  frcm  (26.6)  and  (26.7)  that  Kfv- 

k  t'!ence  Mirr.ilir  .Tia:iner  tr.'‘  other  ■’t  1*  emenl;^ 

of  the  t.’ieores  follow. 

Tr.^oren  .,6.  ,  ilreily  c^u  ^lI.^  :  *•  v>‘r'if'^l  ijnra»' 1 '.  i*. ely  ;'r  irr. 

theorem  -in  i  Tr.eoren  I?."*. 
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The  last  thoorem,  In  conjunction  vlth  the  formulAe  of  ^  1  ,  glTOi  un 
tkt  ixWrMtlaf  rMralti 

» 

-  X  '  'X  -  X 

jil 

That  !■,  tha  tyrauietry  preierrei  tha  i  -vldth  of  r  at  .-J  1  points. 

B 

^  2  .’,  Moaopt  »peu3e  of  Bjrtetrlc  dlatrllmtlona  . 

Let  ■tand  for  the  aet  of  4  '  vi  th  4^4',  let 

kJ  O 

n  n 

doaoto  their  n-th  nanoat  gpaoe .  therefor©  conalata  of  thoae  x  In  D 

vlth  X  ^  X ' . 

TSECRKM  ^■’.l  Dg  Iji  oo»t«x ,  clojed ,  boitnided ,  and  n/2  -dlMoalanal . 

^oof .  ^Coatpare  Thaoraa  .2.]  We  ob^erre  that  0°  la  preolaoly 
the  lnt(jraectlon  of  D°  vl  +  h  the  Tajrlet^'  defined  by  the  15noe.r  ayateaa  of 
equatlona 

(2  .1)  .  X  -  X. 

n 

Thla  can  be  aolred  for  each  odd  aoaiont  In  tome  of  the  lover  eren  moaente ; 

Xi  3  1/2, 

Xo  -  (5/2)Xi.  -  lA, 

X,  .  -  (^72^X2  4-  1/2,  eto., 

leaving  oiactlj  n  -  n/P  Independent  linear  relatlona.^^  Hence,  ainoe  d'^ 


ij  Had  ve  taken  ^"1,1  aa  the  fiujclamontal  Intorml,  the  relatione  vould 
have  been  alnply  -  0,  1-1,5,  ,  . . .  . 


-02- 


!■  a  conveat  "body  1b  !■  a  conT«t  ■«!  of  dlmenalon  n/2  ;  and 

O 

■  inoe  1§  olo«#d  aad  'bo^^ndod,  d”  l«  llkevl*®. 

O 

In  D®  the  tiro-JOBp  aymetrlo  alatributlon  funot'ona; 

O 

(2'M)  I  I(t-t.)  + 

play  a  role  ilrailar  to  the  role  Ib  2^  of  the  pure  dlet.-lbution  functloM 
I(  t-ti )  .  The  ■ooant  point*  of  /  27.1)  : 


,(ti)  -  ^  x't.)  ♦  x(ti’)  , 


0  <  "•!  1  , 


do»«rlbe  a  In  whloh  ve  nay  oall  C^. 


IHSORIM  27 . 2  The  ft  of  eortren e  point*  of  dJ! ,  for  n  >  U ,  precleely^ 


Proof  ■  The  proof  do**  not  differ  e**#ntlaliy  frcn  that  of  Theom*  .■*>. 
In  plao*  of  the  hyperplaae  (7.?)  one  nay  use 

h(x)  -  1  -  Pt^ti  ♦  2rtit')^  -  i»(l  -  titi)xa  4  2x4  -  0, 

vhleh  h**  the  propei*ty: 

h(x^(tM  -  2(  ti-t)^(ti-t)^ 


oorreepondins  to  ^'7.4). 

Th*  oonblnatorlal  boundary  atructore  of 

.  ) 


la  Ilka  that  of 


9 


-'?3- 


for  the  tvo  ■pace*  n.r^  olc4oIy  related.  In  fact,  we  }i*ve: 


n  II  /? 

THEOREM  0'.5  The  ipocee  and  D  are  coimeoted  ^  a  1:1  l.Vaieor 


tx^anaf  ormatlon . 


''roof .  First  w©  obserre  that  a  ch&n^  of  tho  fundamental  Interral 
rsmults  In  a  linear  transformation  of  the  moment  •paces.  In  partloxil/u*, 
If  ve  go  froa  to  the  noMnt  •];>aas  ^  Rased  on  the  Intei-val 


A  -  [*\,  l]  ,  Xlf  U  mpfsA  ceto  mmmai  tpe^: 


V.  *►  -  L  -/  -j  f  — —  -'a 

<  V  ,  ,  *  <  ,  r,  a  '  '  '■  ^ 


imt 

»)» 


strilutio;.  fu.clior.s  Jefinei  over^.  a;.l  3\r::el,rlc  wltR  r«j3iect 

U^JS  I 

V>  t*  ■  -%,  A  tniTsajtiiiitw  iftsft 

*  . . 

.A  V 

• 


oan  he  defined  as  follovs: 


,  /  f(t)dV  -  /  f  t^)&  ,  , 

o  -1 


/  8(^)d  '  -  ^  /  g(-  '.t)!^; 


-1 


o 


the  equalities  to  hold  for  all  ooeitlnuous  ftaaotlons  f  and  g  on  0,1 
and  ,  respect  1  rely.  'I'he  ncsMnts  of  ,  are  then  glren  hy 


?k4l 


'  ^  -  0,  k  3  0,  1 ,  2, 


This  describes  the  llntsar  t.-ansforaatlon  from  d“  >  ,  to  D 

{,  )  o 


n/2 


,  and 


oaBn)letes  the  proof 
In  Tlev  of  Thi 


U.5;  the  •ynnetrtc  suheet  P,^  of  oharaoterlied 


by  y  -  y'  cannot  be  the  dual  of  D,, .  Hoveyer,  both  sets  hare  d 


Ion 


1  •  r 

'■  j  •  ■  •  rp.’  .:  :p  .  ^ 

-or.vp.x  ;ip-^  ir  ‘  rp  -'li*  iMp  ‘ . 

1  -li.T.t'.'.M  'ral 

;3  , :  r >•  ^6  of  f  i. .  ' 

n  *  1 

.  t,r;p  t  pfp  'iTP  '.ra.p. 

*  /  / 

In.iee  ; ,  :  y 

:l  e  f  1  ; '  ^  i  -  [  I ,  y  •  f .  ,  - 

;  i  r'.  t. 'IP  r  .  •  -  J  Lripr.s  L  Jiui  i  i'oai  f 

i  :  a  ■ ,  ; 

■  y 

»  4  ■  »* 

’V 

only  If 

* 

(rr.e) 

y  -  y*  aaA  T*y  >  0  all 

X( 

By  the  relatlos; 

i-y  -  (x-^x’)/2 

all  y  -  7% 

vhloh  proo#«d«  from.  (26.9),  oaodltian  ( 2  .2)  la  •qulvalaort  to  tlw  oondltica: 


y  -  7’  ajui  X  j  >  0  r11  k  D*. 


But  this  aaouiMj  Aofiaoa  F^. 

:£.gQ-L 

If  V9  ••t  oat  to  find  a.  oyHolry  of  (mly  the  bouB^lAry  of  D*,  arising 

sirlgtislly  ftm  s  ^yawtry  of  mX%  laUvssl,  aiPs  as  U«pr  fssatft  i  > 

< 

r  ^ 

make  the  t  rans  fornntlon  t  — ^  t*  llne^*;  an  In  26]  we  have  only  to  demand 
continuity  and  the  property  t"-  t,  ^|yiimotries  of  orlt'r  than  2  are  cipariy 

lapsMlVIs.)  Nny  —  WItIsX  Mk  syssli l»s  sBlst  wisw 

oorrespoa&lBg  to  the  results  of  ths  last  tvo  seotiooi .  All  of  thea,  hovoTor, 
rererse  ths  salt  laterral: 

O'  -  1,  1'  -  0. 


Conse^ustrtly  Thoore*  26.2,  os  the  beharlor  of  the  a-fao#s  of  D*,  applies 
for  tlMS  all. 


Ve  osit  t’.“ 


tryunerit  for 


-Q'S- 


iTie  combinatorial  atr'acturo  of  the  'boujkiarj  of  la  p«nectl^' 

•jaaotrlcal  in  ®aoh  dimonalon,  b/  'll.  '  .  it  la  Intultlrolj  clear  that 
other  ajTimetrlea  nuat  azlat  vhloh  leac  to  all  poaalhle  varlanta  of  Thoorea 
It  la  not  oapaclall^  Intoreatin^t  to  attempt  to  define  theeo  directly 
for  polnta  in  D^;  nor,  am  vc  hare  Jtuat  Indicated,  la  It  poealble  t-o  do  ao 
indirectly  by  atartin^  In  0,1  .  But  there  la  one  aynmetry,  nt  leant, 

I 

vhich  can  be  defined  In  a  alnplo  faahlon  for  fimctl one  In  '  '  and  then  extended 
to  tho  mcnaent  apacea ,  prMiuolng  a  nov  veralon  of  Theorem  2'  .2 . 

Gonelder  the  tranafonaatlom,  for  ^  (  ''' 

l.u.b.  u  ^(u)  <  t  '  ,  0  <  t  <  1, 

(2  .1)  i  ^ 

I'/t),  t<0,t>l. 

Then  ^  Inr  '  '•  _y,  4'  Inrereo  of  ^  In  0,1  The  flrat 

moaaenta  of  4  «ad  ;  are  related  by 

''y{4')  -  1  -  V),  all  , 

blm  nay  bo  ahovn  by  Integration  by  parte.  3nch  relations  do  not  exlat  for  the 
higher  momemts.  Tlenoo  the  Intlucod  aNunotry  In  D**,  n  >  2,  la  voll-deflnod 
onl;,'  for  the  boundary. 

Toe  atep-functiao 

y(t)=  v-.<t.<...<v 

!a  carried  by  (2/^  .1^  Into  the  atep-ftskotlon  vlth  .Ju^pe  of 

tv,  ta-ti,  t^-tn,  •••'  ^'^n-l- 


looAt#o  at 


"©■pectlToly  —  vlth  the  flrat  rma  La^t  J’JPtp#  possibly  racuou* .  It  1*  oaMy 
to  stje  t.'iat  -  h''/),  ind  h«iio*  that  a(z')  -ax).  MorooTor,  /' 

lia*  i  ,Hrap  -it  t  =  1  If  am;  oalv  If  ^  do««  act.  'fharofoira: 

'1'H]K0IIE^^  ?fi.l  The  oonraapoadence  ( 28.1}  tranaforaa  the  a-faoea  of  n" 

aocQrdli^  to 


c^'  o  c®,  -  C®  a  -  0,  1,  _  n-i. 

Aaothar  ijianatry  maj  bo  deflnad  by  the  pjroduort  a  aithsT  ordc'-'  f 
the  tranafonaatlctaa  (2h.^)  ami  '2C.1).  'fha  oorraapood !ng  theoreir.  vfoultl 
InTolro  tho  product  of  the  tranafo  mat  Iona  of  Thaorama  P  .P  and  P  .1. 

Tho  aymotry  deflmad  by  (PB.l)  Intorchan^a  the  rolaa  of  tho  "root" 
alBi’*'’ox  U*  and  tho  "volght"  alaqjlaa.  "  r  m'  ^fP)  ,  vt;loh  pamaetrlie 
tka  torplMl  a-faoa  of  P*  (•••  proof  of  Tboorvi  U.'O  •  folata  of 

correspond  (b«''or«  t  h-  ^  r  ms  fonns^’lon}  t  ^  ■f  maximal  convc  ''  n  in  thr  a-fice 

(a  <  a),  vldlo  Kko  folsis  of  'I.*  oorroapoad  W  aote  im, Um  a->fiMe  vhioh 

are  not  thoMMlraa  oonrrex  and  vhlch  contain  no  ocmreoc  aubaeta  other  than  pointa 

Qur  preasnt  ayaaietry  tharofore  doatroya  all  oodtox  aota  in  the  boundary  of  D®. 

1 

In  contj'aat,  tiruotfoiTnAtlona  of  ^0,l|  ,  vhathor  linear  or  not,  alway^a  pro- 

K  n 

»9rye  oonTaiity  vnan  oitondad  to  the  aprooa  /  and  D  . 
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